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0 Introduction

In this thesis, we explore two different topics.
To start, we will embark on an investigation of some special function spaces. When studying PDE, one of
the most useful tools we have is that of Sobolev spaces. The classical L2-based Sobolev norm is defined as

||f||12{5 = IRd(5>2s|f(§)|2 d¢ with the parameter s € IR. We then define the Sobolev space H® as
HY(RY) ={f € #'(RY) | f € Lj,, and ||l < oo}

These often come up as natural container spaces when working with differential equations.
When working on constructing solutions to the free boundary incompressible Navier-Stokes equations,
Leoni and Tice (CITE) discovered that modified versions of these classical spaces were exactly what was

needed. They defined the norm

||f||§<s=f Ll Z'é' (&) |d<s+f P |f ) de
Bo,1) €l B(0,1)c

and then the space X*(R%) = {f € ¥ (RY) | feLl and I1f 15 < oo}. These spaces were unique because

loc

they were anisotropic - rotations of functions in X°® did not necessarily stay in X°, as suggested by the

dependence on the e; direction in the X° norm. Leoni and Tice then proved several key properties about



these spaces, such as completeness and embedding results, which allowed them to use these spaces for
PDE. Later, Koganemaru and Tice [5] proved further that X° was an algebra - that is f € X° and g €
X® then implies fg € X*, by adapting techniques from the work of Guo, Pausader, and Widmayer [3]].
This is an essential property to allow for analytic pertubations of solutions in these spaces. The key
technique involved in Koganemaru and Tice’s argument was that of Littlewood-Paley theory. This is a
way to decompose and localize a function based on its values in the Fourier side, usually based on dyadic
annuli. Koganemaru and Tice instead decomposed using conveniently crafted rectangles which helped
uncover the fine properties of these spaces.

In the present work, we generalize the X°® spaces by adding two more parameters. We define the norm

2 s
||f||§s=f le(é)lzd&f
e B(0,1)

|12 B(0,

e’ as

loc

and then the space X ; = {f e F'(RY) ‘ feLl and ”f”Xf,a < oo} as before. Leoni and Tice analyzed the
case when 0 = 2 and r = 1. We show these spaces are genuinely anisotropic when 6 > 1 and charac-
terize under which parameter regimes the spaces are complete, when H* embeds into X, and most
importantly, when X] ; is an algebra. We use a modification of the Littlewood-Paley argument used by
Koganemaru and Tice. The use of rectangles with a certain aspect ratio allowed us to localize to coor-
dinates where |&;|? is comparable to |£|?°, granting us the path to properly analyze the low frequency
multiplier.

Figures 1 and 2 summarize our findings on when X; s(RY) was a Banach algebra with the desired embed-

ding properties.
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Figure 1: We show that X® ; is complete when d > 1 + 0 — 2r, the region bounded by the red line. The
classical Sobolev space H® embeds into X; ; when r < 1, shown by the blue line. In this region, we show
that X s is always an algebra.



1

k

Figure 2: We have the same constraints as in Figure 1 for d = 2. However, in this case X ; is an algebra if
and only if when 6 < 2, shown by the green region.



In Part II, our work was also guided by analysis of function spaces. The starting point was the classic
Cauchy integral, first introduced in the modern form by Bourbaki. The setup is as follows: given a
function f from an interval [a,b] to some Banach space Z, we say that f is a step function if f takes on
finitely many values and f~![{z}] is a finite union of intervals for every z € Z - we denote the set of such
step functions as S([a,b];Z). Given a step function f € S([a,b]; Z), we can define the integral I(f) € Z in

an obvious way - namely, if
n

f= ZZkXIk

k=1
where each Iy C [a,b] is a (possibly singleton) interval and each z; € Z, we set I(f) = Y ;_; [Ix|zx, where

I is the size of the interval. One can then show that I defined a bounded linear operator from the
step functions (endowed with the uniform topology) into Z, and so admits a natural continuous linear
extension on the uniform closure of the step functions, the so-called regulated functions, which we denote
as R([a,b]; Z). The techniques involved in analysis with the Cauchy integral are all quite elementary, and
it presents an alternative introduction to integration. It was argued voraciously by Dieudonné that the
Cauchy integral would be a much more pedagogically suitable alternative to a first pass at integration, as

compared to the Riemann integral. In the introduction of Foundations of Modern Analysis, he writes:

Only the stubborn conservatism of academic tradition could freeze [the Riemann integral]
into a regular part of the curriculum, long after it had outlived its historical importance. Of
course, it is perfectly feasible to limit the integration process to a category of functions which
is large enough for all purposes of elementary analysis, but close enough to the continuous
functions to dispense with any consideration drawn from measure theory; this is what we
have done by defining only the integral of regulated functions (sometimes called the “Cauchy
integral”). When one needs a more powerful tool, there is no point in stopping halfway, and

the general theory of Lebesgue integration is the only sensible answer.

In keeping with the goal of an introduction to integration, we generalize the Cauchy integral to give it
more power while still keeping the techniques involved perfectly elementary.

The first generalization comes in the domain, where we look at charge spaces. These are sets equipped
with an algebra of sets as well as a finitely additive measure (or charge). We can view the interval [a, b] as
a charge space in a natural way by restricting to the algebra consisting of finite unions of intervals and the

charge induced from the 1-dimensional Lebesgue measure. Indeed, as we will see, the Cauchy integral



construction will work on any finite charge space. For those looking to continue studying mathematics,
this perspective gives an elementary introdution to the ideas underlying measure theory, and makes the
transition to the Lebesgue integral more pleasant. However, if one just wishes to compute integrals, one
can do away entirely with the abstraction of generic charge spaces, and just define the appropriate charges
on R".

The second generalization comes for the codomain. Once we have restricted our domain to be some
set X equipped with an algebra &/, step functions always make sense regardless of the structure of the

codomain. Indeed, in analogy to before, we can set
Sy(X;2) = {f X—>Z | f[X]is finite and f![{z}] € &/ forall z e Z}

In order to take uniform closures, we need the structure of a uniformity. Thus we can define the &/-
regulated functions as the uniform closure R ¢/(X;Z) = Si/(X; Z) for any set X and any uniformity Z.
Every topological vector space Z carries a natural uniformity, so given a charge space (X, &, y) it becomes
perfectly natural to define the integral operator I : S¢(X;Z) — Z in the same way as before. As we
will see, this operator is continuous if and only if Z is locally convex. In this case we can extend I to a
continuous linear operator on R/ (X;Z), giving us the setting for our integral. We will prove most of the
standard results about our new integral, including a Riesz representation theorem, ordering properties,
absolute continuity of the integral, a weak version of Fubini’s theorem, the change of variables formula,
and the fundamental theorems of calculus.

We will note that few of the ideas and constructions we present in this section are entirely original -

rather, we repackage ideas from various sources and put it together in the context of the Cauchy integral.



Part 1

A class of anisotropic Sobolev spaces

1 Introduction

1.1 Setup and background

Consider the problem of finding a solution v : R¥ x [0, 00) — IF € {IR,C} to the equation dtv+(-A)*?v =F
for some 1 < 0 € R. When 6 = 2 this is the standard heat equation. Let us further assume that F :
R? — T is in traveling wave form, namely F(x,t) = f(x — yte;) for some f : RY — F and traveling wave
speed y € R\{0}. If we make the traveling wave ansatz v(x,t) = u(x — yte;), then we reduce to the PDE

—yd1u+ (=A)%?u = f in R, which rewrites on the Fourier side as
[—2miy &+ (2nlE)° 1 (&) = £(&). (1.1)

Clearly, this determines 1 in terms of f, and if we assume that f € Hs(le;IF), then we have the estimate

f <|51|2+|s|2b><a>25|a<a>|2daxf EVEIF ()P = I (1.2)
R4 R4

One can show (and we will do so later) that the space defined by the square-norm on the left is complete
and consists of locally integrable functions if and only if d > 1 + 6. Thus, in small dimension it is natural
to seek a refinement of this estimate (which requires more information on f, of course) that overcomes
this issue and leads to an isomorphism of Banach spaces for the operator —yd; + (-A)¥2.

To this end, we write % (R%F) for the Schwartz space of F—valued functions and .%’(R%;F) for the

corresponding space of [F—valued tempered distributions. Given the parameters s,7,0 € R we define the

measurable function wy, s: R? — [0, 00) via

2 128
ws (&) = %XB(OJ)(&) +(EY* X 0,1 (£), (1.3)

where (&) = /1 +|£]? is the usual bracket notation. We then define the Sobolev-type space

X3 5(RGP) = {f € P/(RGF) | £ € L, (RYC) and [Ifllx:, < oo, (1.4)

loc



where * denotes the Fourier transform, and the norm is defined by

2 26
11, = [ wwst@lfefas= [ SLiipofacs [ o¥|fofa 0
o JRd Bo,1) €] B(0,1)
The norm is clearly derived from the associated inner-product
e, = fm Wur () (£) (RE. (1.6)

Note that since wy, s is even, this inner-product takes values in R when IF = IR. We further note that with
this notation established, the left side of is equivalent to ||u||§(g+j.
Although we have motivated the introduction of X} 5(le ;IF) with a simple linear pseudodifferential equa-
tion above, similar issues arose in recent work of the second author and collaborators on the construction
of traveling wave solutions to the free boundary Navier-Stokes [6,[10} /5] and Muskat systems [8]. In these
instances, the space Xiz(IRd;lF) played an essential role in the construction of solutions, and we expect

the new more general scale to be useful in other PDE applications. In particular, for uses in nonlinear

PDE, the question of when X} 5(1Rd ;IF) is an algebra is of central importance.

1.2 Anisotropic reduction

Consider the case 6 < 1. Then for & € R such that |£] < 1 we have that

[ S

wS,T,é(é) = |€|2T = |é|2r = |5| r)7 (1'7)

and so X:’b-(IRd;IF) = H(é‘r's)(IRd;IP), where for A, p € R we define the bihomogeneous Sobolev space
HY(RGF) = {f € 7 (RGF) | f € L], (R%C) and [|f [l < oo (1.8)

with
N 2 A 2
B = | JePlfefaes [ el (1.9)
B(0,1) B(0,1)°

This shows that when ¢ <1 the space X} 5(le ;IF) is actually isotropic, and the pair of parameters (r,0)
reduce to the single parameter 6 —r € R.

Similarly, consider the case d = 1. We then note that for £ € R with |£] <1 we have

_ &4 + 1€ _ £ +1&1%° min{2(6-r),2(1-r)}
ws,r,é(é) - |(S|2r - |(E|2r = |é|

(1.10)



and so again we reduce to X; ;(R;IF) = H®"(IR; F) or X; s(R;F) = H'""(R;IF) depending on whether
0<loro>1.
As such, in this paper we will focus our attention on the more interesting regime 6 > 1 and d > 2, in which

case the space Xﬁ’é(IRd;IF) is genuinely anisotropic, as we will see later.

1.3 Main results

Our goal in the present paper is two-fold. First, we aim to study the functional analytic properties of this
generalized scale, including embeddings into classical spaces, completeness, and under which parameter
regime this space is an algebra. Second, we will provide some simple uses of these spaces in constructing
traveling wave solutions to some simple PDEs to provide an elementary demonstration of the use of this
type of space.

The following theorem summarizes the properties of X:'b-(IRd;IF) we will prove in Sectionsand Then

in Section [4|we will record the PDE applications.

Theorem 1.1. Lets,r,6 € Rand d € N with 0 > 1 and d > 2. Then the following hold.

(a) Xflé(le;]F) is a Hilbert space if and only if 1 + 0 —2r < d. In either case, we have the continuous
inclusion X3 ;(R%;F) & CP(RY;F)+H*(R%; ), where C§*(R%;F) = (. Co(R% F) is endowed with

its standard Fréchet topology.
(b) HS(R%F) < X! (R TF) if and only if r < 1.

(c) If1+0-2r <dand r <1 then Xj’é(le;]F) is anisotropic in the sense that it is not closed under
composition with rotations. More precisely, there exist f € X} 5(1Rd;lF) N CP(R%TF) such that f o
Qe be-(IRd;IP) whenever Q € O(d) satisfies |Qe; - ;| < 1. In particular, the subspace inclusion

H(R%;TF) C Xf’é(IRd;IF) is strict in this parameter regime.

(d) fd>1+6-2rands>d/2, f eryé(IRd;IP) and g € H*(R%; F), then fg € H*(IR%;IF) and there exists a

constant C > 0 such that ||f g||: < C||f||X:a||g||Hs

(e) Suppose d >1+06—-2r,r<1,and s> d/2. If d > 3, then Xfé(IRd;IF) is an algebra. If d = 2, then
Xﬁré(IRd;lF) is an algebra if and only if 6 < 2. In particular, in this parameter regime, when Xﬁlé(IRd;lF)

is an algebra, (4) says that H*(R%;IF) C Xﬁ’é(IRd;lF) is an ideal.



(f) If 6-r <t <sand f € X} ,(R%; ), then (-A)"? f € H*/(R%;F) and 0, f € H™"(R%;[F) and ||(-A)"* f|

101 Flli- < I1flx; -

Hs-t +

The regions where X ; is an algebra are outlined in Figure
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Figure 3: On the left: For d > 3, we restrict to the anisotropic region with the grey line marking 6 > 1. We
show that XTS’(S(IR"Z;IF) is complete when d > 1 + 6 — 2r, the region bounded by the red line. The classical
Sobolev space H® embeds into X] s when r <1, shown by the blue line. In this region, we show that X]
is always an algebra. On the right: We have the same constraints for d = 2. However, in this case X ; is
an algebra if and only if when 6 < 2, marked by the green line and everything to its left.

2 Preliminary estimates

We begin with some useful estimates and bounds. To motivate the first we make the following remark.

Remark 2.1. The unit radius employed in w;, s is not essential. Indeed, it’s straightforward to verify that
the map

1/2
&2+ &7

X: 5(RGF) > f (L(OR) e MOl ds s L(OR)C<5>ZS|f<‘5>|2d5 (2.1)

yields an equivalent norm for every R > 0.
The next result is a crucial property characterizing integrability of the reciprocal of our multiplier w;, s

around the origin.

Lemma 2.2. Let 1 <d € N and suppose that r,6 € Rwithd >1+06—-2rand 0> 1. If R> 0, then

2r
L L T (2.2)

(O,R) &7 +&|20

10



Proof. We first consider the case when d = 2, in which case we compute:

|€|2r R 27 p2r
—d& = J J -0dOod
L(O,R) & +1&[?0 0 p? cos?(0) + p2? pever

27 R
1
2r-1 . d6dp=2 f =l - dp (2.3
j J cos2(0) + p20-2 p=cn 0 b po=1\/1+ p20-2 P (23)

Since 6 > 1, we know /1 + p2%-2 < 1 in B(0,R) and so the last integral is finite if and only if 2r— 6> -1 =

1-d.

Next suppose d > 3. We can write (2.2) in spherical coordinates to find

- e e | fzf O singa ) gy pus) dgdOdp
B(O,R) &7 +|&]20 0o Jo Jjonp2 (pcospao)*+p
(2.4)

where d¢ = ]_[?:_12 do; and gi(@1,...,P4-3) = ]_[ “Jsin’(¢;). Integrating over @i,...,@4_3 and changing

variables with u = sin¢,;_, we have

2r+d—1 2r+d 1 i3
I=C(d) J J (sin@g_)*"% dy_,dp = C(d J f (1-u%)7 dudp

0 COSZ(Pd 2+p2(‘) 1p2u2+p26

<C j p2r+d 3J\ mdudp 2C .I‘ p21‘+d 3p61 arctan(pél 1) dp

R
XJ; p2r+d—6—2dp’ (2.5)

where we used that arctan(pl’é) = 1 for p < R since 6 > 1. The latter integral is finite if and only if

d>1+0-2r, giving the desired result. [

Using the previous lemma, we can now discern when ||f||;1 is bounded by ||f||X56 and show that functions
in X} 5 are sums of a smooth function and something in H*.
Proposition 2.3. Suppose that d > 1+ 0 —2r, and let R > 0. Then the following hold.

(a) There exists a constant C = C(R,r,d,0,s) > 0 such that if f € Xﬁlé(]Rd;IF), then

1/2
[ dreas([avieprifef ) <, 2.6)
B(0,R) B(0,R)° '

Moreover, if s > d/2, then ||f|| , < Cliflly;, for some C = C(r,d,5,5) > 0.

(b) For f € X} ((R;FF) define f,r = (fxpo.r)" and fir = (fXBory)"- Then fig, fi,r € X} o(RGE), f =

Jir+ fn,r, and we have the bounds ||y rllxs, < |Ifllx:, and [|frllx;, <lfllxs,. Moreover, for each k € N

11



we have that fjp € C’b‘(IRd;IF) with the estimate ||fz,R||c£c < C(k)llfi,rllx:,, and frrkHS(RY;F) with the

estimate [|fj,rllms < Il firllx -
(c) We have the continuous inclusion X:,b-(IRd;IF) < Cg"(IRd;IF) + H(R%; TF).

Proof. We begin with the proof of the first item. Clearly, the second term on the left side of (2.6) is
bounded by the term on the right, so we only need to consider the first. We estimate the first term using

Cauchy-Schwarz, Lemma and Remark 2.1}

R |6|2r )1/2(J 512+|<S|26 X 5 )1/2
dé < —d ——1f(&)| d& <C 5 . 2.7
L(&R)'f(g)' : UB(O,R) & +lef? ¢ BoR) €I e 171k, (2.7)

Additionally, if s > d/2, we can estimate

r 1 172 S| A 2 1/2
dé < —d 1 2 d ) <ClIfllys - 2.8
L(O,R)Jf(al 5<(L(0’R)c(1+|5|2)5 5) (L(O’R)c( +HEP)f @) dg) < Clfll, (2.8)

Combining this with (2.6) gives the second inequality and completes the proof of the first item. The
second and third items follows easily from the first and the standard properties of band-limited functions

whose Fourier transforms are in L!. ]

With this lemma in hand, we can now characterize when Xf’ 5(1Rd ;IF) is complete.
Theorem 2.4. Xj’é(IRd;IF) is a Hilbert space if and only if 1 + 6 - 2r <d.
Proof. First suppose that r > # and that {fi}xen is Cauchy in Xj’é. Write y for the measure w;, s(&)d&

on R?. Then {fk}kelN is Cauchy in Lﬁ(ll?d;lF), and so there exists some F € Lﬁ(IRd;IF) such that fAk — Fin

L’%(IR”I ;IF) as k — co. We now aim to verify that F € ¥’ N L, . Employing Cauchy-Schwarz and Lemma

1 1/2 1/2
[ o] ) (], IFeus) SRl <o (29)
B(0,1) B(0,1) Ws,r,6 B(0,1)

1
loc*

we have that

or in other words Fx (o r) € L', Since w, 5(£) = (&) for |£] > 1, it’s also clear that Fxpore €S NL

Hence, F = Fxp(,r) + FX(o,r) €€ ' N Ll , and so we may define f = F € &’(R%F). It’s then clear that

loc’
fe Xf’é(]Rd;IF) and fy — f in X7 5, which shows that ijé(IRd;]F) is complete.

Conversely, suppose Xﬁ,é(IRd;]F) is complete when 6 > 1. Consider the norm |-, : Xj’é(]Rd;IF) — [0, 00) de-
fined by |Ifll. = ||fXB(o,1)||L1 +|Ifllx:,, which is well-defined thanks to the fact that fe Llloc for any f € X} ;.

Note that (Xﬁé(IRd;IF);ll-HQ is also complete. Then the identity I : (Xf’é(IRd;IF);H-H*) - (X:’é(IRd;IF);H-llX:b)

12



is obviously a continuous surjective linear map, so by the open mapping theorem ||f|l. <[/fllx:,. In par-
ticular, we have that ||f x po,1)llrt < ”f”Xf,a'
Now let 0 < ¢ < % and define the rectangle R, = [¢°/2,3£%/2] x [6/2,36/2]‘171. Let F = xg,u-r,- Then for

& e R,U—-R, we have |&;]| < €? and |&] < ¢, and so

EPHIEP 20 re® s
Ws,r5(8) = T = 2071, (2.10)

Simple computations show that

IF|lr = 2|R,| =< 10 and ||F||.. = IR, |e2(0-1) < g(30+d=2r-1)/2. 2.11
X
7,0

Combining the preceding analysis, we have g1 < ||F|l: < ||15||X56 = g(30+d=2r-1)/2 Sending ¢ — 0, this

implies (30 +d —2r—1)/2<d -1+ 9 giving us the bound d > 1 + 6 — 2r as desired. [ ]
We can also characterize exactly when the Schwartz functions & and the classical Sobolev space H*
embeds into X; ;. We first prove a useful lemma.

Lemma 2.5. Let 7,6 € Rwith 6 > 1. Then

2 26
J= J01IE1I|52|:5| d& < 0 (2.12)

if and only if r < 2+d, where B(0,1) is the unit ball in R¥.

_ J |£]?
B(0,1) [E]?

is finite if and only if 2(0 — r) > —d, so it only remains to analyze J;. We first note by symmetry for any

Proof. We write J; = f &
: 1= JB(0,1) 1EP

d&, so we have that | = J; +]J,. We know that ],

1 <k <d we have that

|kl j [l 4 j 5
= dé, and h d E dé. 2.13
I L(O,l) &2 & and hence d] = B(0,1) |5|2T B(0,1) [EI7" ¢ (2.13)

The latter is finite if and only if 2 - 2r > —d. Since 6 > 1, this is the more restrictive condition, and so we

2+d

have that | < co if and only if r < <% [

We now characterize investigate how the Schwartz functions relate to our spaces.

Theorem 2.6. For all s,7 € R and 6 > 1, we have #(R%;F) N Xjé(H{d;IF) is dense in Xflé(IRd;lF). Further-

more, we have that #(R%;F) C Xﬁ’é(IRd; ) if and only if r < 2“5

13



Proof. Let f € Xﬁjé(IRd) and ¢ > 0. For 0 < Ry < R, < oo, define the annulus A(R;,R,) = B(0,R;)~B[0,R;].

By the monotone convergence theorem, we may find 0 < Ry < R, < oo such that

X 2
[ sl ae < (2.14)
A(Ry,Ry)"

Pick nonnegative and radially symmetric ¢ € C®(RY) with supp(¢) C B(0,1) and Ile ¢ = 1. Then for

0<n< %, define the function F, € C®(RY) by

1 (E-z)\,
F”(E):L(RI,RZ)W( =) fe) ez (215)

An elementary computation shows that supp(F,) € A(R1/2,R1+R;) and F, (&) = F, (—&) which then implies
I:“q € F(R?) is real-valued by the same argument as in [€]. On the annulus A(R;/2, R, + R,), we know that
ws r5(&) < 1, and so the usual theory of mollification (CITE) supplies us with some 0 < 77y < R;/2 such that
A 2 2 62
W55 (E)|f (€)= Fy (&)]" d& + Wsr,5(E)|Fy(€)] dE < (2.16)
A(Ry,Ry) A(R1/2,R1+Ry)~A(Ry,R,)

Thus if we define f, = F,IO, then f, € leé(IRd) N % (R%) and supp (f,lo) C A(R1/2,R; + R;). Putting every-

thing together, we see

Ir Ak, = | wualflef des @sralIf (€)= Fyy (€] de
o A(R{/2,R+R)¢ A(R{/2,R1+R3)
2
<] estelfer-ryef de | o s(£)
A(R1,R,)

A(R1/2,R1+R3)~A(Ry,Ry)

F(&)=F, (&) d&

2

&
< Z +f ws,r,é(é)
A(Ry,Ry)

&)=y de + 2f oo €|y, (O] de
A(Ry/2,R1+Ry)NA(R},R;)
2 2 2

-wf W O|f (€ dE < S +25 425 <2 (217)

Since ¢ was arbitrary, we have shown that #(IR%;IF) N Xﬁlé(le;IF) is dense in Xf’é(]Rd;IF).
For the second assertion, first suppose that % (R%;[F) C Xﬁlé(IRd;lF). Then pick some radial ¢ € #(R%;R)

such that ¢ =1 on B(0,1) and ¢ > 0 everywhere. Then ¢ € Xfé-(IRd;IP), so we see that

12 12+ 1€
o> gl > L(m e (2.18)
By Lemma we must have r < #.

Conversely, suppose that r < 2L2d. Let ¢ € #(R%F) and let ¢, = (@XB(O,l)) “and ¢ = ((ﬁ)(B(O’l)c)v. We
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then see

2 oy el + I
. = HPELTEL gr <o 2.19
ool = [ 9P 219)
by Lemma and clearly since ¢ € & we have
i, = | ipteite de <o (2.20)
" B(0,1)°
We know that ¢ € & C Llloc' thus ¢ € X 5 as desired. [

Next we investigate when standard Sobolev spaces embed into the anisotropic ones.

Theorem 2.7. H¥(R%F) — Xf’é(IRd;lF) if and only if r < 1.

Proof. Suppose initially that r < 1. Then for || < 1 we can use the fact that 0 > 1 to bound

7+ g7 2-2r 26-2r 2-2r
Ws,r,5(E) = WSW +E] < €] <L (2.21)

From this we readily deduce the continuous embedding H(R%IF) — Xj’é(H{d;IF).
Conversely, suppose we have the continuous embedding H*(R%;F) < X; 5(1Rd ;IF), and write C > 0 for the
embedding constant. Restricting to f € %(IR%;F) such that supp(f) C B(0,1), we find that

2 20
f SR ey < czf
Bo,1) €l

B(0,1

)<5>25|f<5>|2d5, (2.22)

and since this must hold for all such f, we deduce the pointwise bound

2 26
+
% <CHEF <. (2.23)
In turn, this implies that 512 < élzr for |&;] <1, and hence r < 1. ]

However, in this parameter regime this space is genuinely bigger than H*(R%;TF), and also anisotropic -

in general, if f € X7 , it is not true that f o Q & X? ; for every nonidentity linear isometry Q.
Theorem 2.8. Suppose that r < 1,and d > 6—2r+1. Let Q € O(d) = {M € R*“MTM = I} be such that

|Qe; - e1] < 1. Then there exists f € X (R F) N C(RYF)~ HS(R% IF) such that f o Q € X! j(R%TF).

Proof. Let Q € O(d) with |Qey -e1| < 1. For 1 <k <d set o =1 if Qe - e > 0 and oy = -1 if Qe - ex < 0. For

e>0setR, =0y [85/2, 35‘5/2]><]_[]‘f:2 ok [€/2,3¢/2]. By construction, for each 0 < ¢ < ﬁﬁ and £ € R,U(-R,) C
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B(0,1) we have that

d

ng (ex - Qey)

k=1

|QTE - e1| =

d d d
) oréilec-Qeill = ) Ikllex - Qerl = e%ler - Qer|+ ) lex- Qele < ¢, (2.24)
k:1 k:1 k:2

where the last equivalence follows because 6 > 1 and we can find some j > 2 with |e]- . Qel| > 0. Further-

more, again because 0 > 1, we have that || < € for £ € R, U(—R,). We thus readily deduce the equivalences

LGP HIEP e e £20-2r

Ws,r,5(&) = AT nd (2.25)
QTE P HIQTE QTE e P+ 24?5,
Wsr,5(QTE) = Qrip = Ve < =¢ (2.26)

for & € R, U(—R,).

Set F. = Xg, + X_g, and note F (=€) = F¢(&) = F¢(&). The previous calculations then show that
IFellx:, = f W5 s(ENE(E) dE = g2072reltdnt = 0m2rdl, (2.27)
T, Rd
IEllL = IFel2 = IRe +1-Re| < €271, and (2.28)

|IFe 0 Qll%s =J Wy r.5(E)Fe(QE)? dé:j Ws 1, 5(QTE)Fe(E)? dE = e2727g0%d~1 = g1=2r40wd = (5 99
7,0 R4 R4

Let @ = 40412 414 fix K € N with 4K > 3Y2 Get F = Y 1ok 4%KF, x and note that supp(F4+) N supp(Fy)
2 2 k>K 4 PP pp

are disjoint for j,k > K and j # k. Now we compute various norms of F. First, using that d > 6 —2r+1 we

seea—é—d+1z%<l—5<0,andso
J IF(E)| dE = Z4ak4-k<5+d-1> = 24”‘?” < Z4’<<1—5> < co. (2.30)
R k=K k=K k=K
The definition of a requires that 2a =36 -2r+d -1 =2 -2 < 0; thus
J‘ ws’né(g)u_—:(é”z dé = Z42(1k4—k(35—2r+d—1) — Z4k(2—2(5) < oo. (231)
RY k=K k=K

Because r <1 we have that 2a—-6-d+1=2-2r > 0; thus

IFIE = [ @R ag = ) atkaonin =y g oo (232)
R k=K k=K
Finally, a is defined so that 2a —1+2r—-d -6 =0, and so

IFoQli%: = f Wers (E)F(QE) e = )~ 42aka k2reord) = % 7 = oo, (2.33)
IR k=K

00
k=K

With this, set f = F. The previous calculations imply that f € Xﬁjé(IRd) but f ¢ L*(R?) € H*(R?) and
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foQe Xf’é(IRd). F is compactly supported and in L', so we conclude that f € Cg"(IRd). [

We close out this section with identifying when derivatives of X? ; functions lie in classical Sobolev spaces.

We give some examples of the uses of these estimates in the last section.

Proposition 2.9. Suppose that 1 -r<s,0-r<7,and o <sand f € Xf’é(le;IF). Suppose @ : R? — [0, c0)
satisfies (&) =< |&|* for |£] < 1 and @(&) < [£]° for || > 1. We then have (p(ﬂ)f € H""(R%F) and
d1f €e H'(R%F) and

o5

oo TIOfllE= < Il - (2.34)

In particular, when 6 —r < 7 <5, we have that ||(—A)T/2f|

por TN f g < M1f llxs -

Proof. We note since 6 — r < t that |&]?7 < |&]207) < ws r,5(&) for [E] < 1. Thus we have (1 +[&]?)*9IE]*T <

ws r,5(&) for |E] < 1. Clearly we have (1 +[E]2)7|E2 S |E[* < w;45(&) for |E] > 1, thus we see

2

||q0(\/z)f|l xf (1+|5|2)S_U|5|2T|f(§)|2 d£+f (1+|‘S|2)S_U|5|20|f(§)|2 de
B(0,1) B(0,1)c

Hs-t

< | owatolfef de=1s, . (2.35)

2
The inclusion and estimate for d; f follow similarly after we observe that 1 —r < s implies that léllzlr <&

for |£] > 1. The final claim follows by setting ¢(&) = |£]". [ ]

3 Whenis X} ; an algebra?

We now proceed to our goal of characterizing when X] 5 is an algebra. Our approach is modeled on the
Littlewood-Paley techniques used in [3]. We will look to leverage that H® is an algebra when s > d/2. The

first step shows that for f € X] 5 and g € H¥, we know that fg € H°.

Theorem 3.1. Assume that d >1+0—2r and s > d/2. Then the following hold.

(a) There exists a constant C > 0 such that if f € Xﬁré(IRd;IF) and g € H*(R%; IF), then fg € H*(R%;F) and
1f &l < CllF e gl (3.1)

(b) For 1 <k €N the map

k k

HS(R%F) x ]_[Xj,é(nzd;u:) 5(g fireor fi) .—>g]_[fj € H (R%;F) (3.2)
j=1 j=1
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is a bounded (k + 1)-linear map.

Proof. The second item follows easily from the first, so we only prove the first. Fix f € Xjé(IRd;IF) and
write f = fij+ fy = fi1 + fp,1 as in Theoremwith R =1. Since f, € H(R%;IF) and s > d/2, we have that

fig € H*(REGF) and [Ifigllezs < Ifullessllglees < 11f s lgless-

On the other hand, since f; € Cé‘(le ;IF) for every k € IN, we may readily deduce that multiplication by
f; defines a bounded linear map from H¥(R%;TF) to itself for every k € N, and ||fi@|lgx < ”fl”cl’;”(P”Hk <
”f”Xié”(p“Hk for every ¢ € H¥(R%;IF). Interpolating, we conclude that multiplication by f; defines a
bounded linear map from H!(R%;IF) to itself for every 0 < t € R and ||fj¢||y < C(t)”f“x;"o”(P”Hk for ev-
ery @ € H'(R%;FF), where C(t) > 0 is a constant that depends on t but is independent of f or ¢. Picking

t = s then shows that f;g e H’(R%;IF) and Ilfigllgs < ||f||X:é||g||Hs. [ |

We now mark some notation for convenience.

_ &l+ER

Definition 3.2. We define the measurable function p, s : R? — [0, c0) by Prs(E) = E which is asymp-

totically equivalent to y/w;, s(&) for |£] < 1. We then have that

Ifllxs, = ”(Mr,aXB(o,l) + <'>SXB(0,1)c)f s

We then define the trilinear functional I : (LO(IRd; [0,<>o]))3 — [0,00] by

I(F,G,H) = J HrolE+ 1) F(E)G()H(E + 1) dE dn, (3.3)

B(0,1)2 Hr,o(E)pr,s5(1)

where L%(IR%; [0, ]) denotes the nonnegative measurable functions on R?.

3 3
In fact, I induces a bounded trilinear functional over (L2(1Rd; F )) as long as I is bounded over (LZ(IRd; [0, oo])) .
Lemma 3.3. Suppose there exists a constant C > 0 such that

I(F, G, H) < ClFll2IGll 2 lIH]l (3.4)

3
for all F,G,H € L?(IR%;[0, o0]). Then I induces a bounded trilinear map over (LZ(IRd;IF)) into FF satisfying

the same formula, and there exists some constant C’ > 0 such that
[I(F, G, H)| < C'Fll 2 IGll2I|Hl.» (3.5)

Proof. The proof for this is identical to Lemma 2.7 in [5] . [ ]
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Using this lemma, we can identify a crucial link between X ; being an algebra and the boundedness of I.

Proposition 3.4. Assume thatd >1+06—-2r,r <1, and s> d/2. There exists a constant C > 0 such that

£ 8llx:, < Cllfllx ligllx;, for all f,g € X; 5 (R F) (3.6)

if and only if there exists a constant C > 0 such that

Yrs(E+17)
I(F,G,H) = rrore 1 REG(n)H d&dn < C||E||; 2G| H]|; 2 3.7
( ) L(O’l)z o (E )T (&)G(n)H (& +1) dédn < ClIF||2 Gl HIIL (3.7)

forall F,G,H € LZ(IRd; [0, 0]).

Proof. First, suppose that I is bounded and let f,g € X° . (R%;IF). We then set f = (x e Co( R%;TF)
PP 8 "o 0 =\XB(0,1)

and f; = ()(B(Oll)cf)vz f - fo € H¥(R%;IF). We define g, and g; similarly for g. We then have

fg=/fogo + fog1 + f180 + f181- (3.8)

By Theorem Proposition and the fact that H5(R%;[F) is an algebra, whenever i +j > 1 we have that

figj is supported in B(0,1), is in H® < X s and

1figill: = 1hgillere < Wfill [18ill <11l gl (3.9)

Thus, it only remains to analyze fygy. Theorem shows that f, and g, are integrable and supported in
B(0,1), so Young’s inequality implies fy * § € L}(IR%;IF) and supp(fy * $o) € B(0,2). Let ¢ € F(R%IF). We
employ Tonelli’s theorem to calculate

f iro(for o) j J s (& + 1) fo(E)Go(m (& + 1) A& diy

= J;;(() Iy Fr(‘) (& +7 fO (6 +17) dé di’] I( }lr bel,l’lr (5f0, (310)

By the assumed boundedness of I we have

U sy G0
IRd

By the density of % in L?, we see that the left hand side extends to define a bounded linear functional on

< [l foll o lmnsgoll Ml < 1f s gl Nl (3.11)

L? obeying the same estimate, and so the Riesz representation theorem tells us that l/lr’é'(fo * o) € L2(RY)

and

1l gl 2 [l g0 = ||rfoso]|, = fosollx:, (3.12)
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The last bound followed because f; * §, is compactly supported. We thus have the desired result.
Conversely, assume that Xﬁ’é(IRd) is an algebra. Let F,G,H € L2(1Rd;[0,oo]) and note that I(F,G,H) =
I(FXB(0,1)» GXB(0,1)»H) due to the domain of the integral, and the fact that we have (XB(OJ)P/‘MT"(\})V and

()(B(O,l)G/yr,(g)v are both in X} ;. Thus by Cauchy-Schwarz and the boundedness of products in X} ; we

have
I(F,G,H) = J;Rd o (X 50,1y F/ s ) * (XB<0,1)G/Mr,5))H
< | ﬂr,é((XB(O,UF/Mr,a’)*(XB(O,l)G/ﬂr,a)) LIHI: = "(XB(O,l)F/ﬂr,b)V(XB(O,l)G//‘r,b)VHX:OHH”LZ
< Ceson Bl [(xsonG/mma) |, Il < UEICAIGHHI: - (3.13)
By Lemma we then have the desired result. [

Thus to prove that X] 5 is a Banach algebra, we wish to analyze the boundedness of the functional I. To

do this, we first split the domain B(0,1)? into two sets to get control of I in each independently.

Definition 3.5. We partition B(0,1)? into two sets E and E; as follows:

Eo = {(& 1) € B(0,1)%|&] + |yl < 3lIE] = |yl and Eq = {(&,7) € B(0, 1)%|&] + |51 > 3IIE] - ]I} (3.14)

From this we write I as a sum of two operators I, and I;, where for i € {0, 1} we have

pr,5(E+1)
Al P d&d _
h L s ity ICUNHE + 1) dédy (3.15)

We now analyze the boundedness of I and I; in turn.

Proposition 3.6. (£,7) € E; © (&,17) € B(0,1)? and %|17| < |&] < 2|n|. Additionally, (£,1) € E; implies

1€ + 7] < 3[l.

Proof. The proof for this can be found in Lemma 2.10 of [5]. [

Lemma 3.7. If (&,7) € Eo, then p, 5(& +17) < pir,5(E) + pr, (1)

Proof. We note since 0 —r > 0, we have that (|| + |17|)5_r <&+ |17|‘5‘T. Using this, the triangle inequality,
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and the estimate from the definition of E;, we have

|51+771| o-r |61|+|;71| 5—
ro(E+1) = =+ &+ < ——— + (1€l + 1)
ST S 1111 1

B ISIE3A

e HEPT T < s (&) + (1) (3.16)

T (&l + D"

Proposition 3.8. Io(F,G, H) < [|1/py 5|2l Fll 21 GlI2 [ HI| 2

Proof. The proof is identical to that of Proposition 2.12 in [5].

3.1 Splitting E; further

We now aim to get more control of I;. To accomplish this, we localize further in E;.

Definition 3.9. Suppose we have m,n € N. Then we define

Em,n = {(ér ’I) ek 27l < |'S| <27 and 2l < |£ + r]| < 2_”"'2}'

Similar to before, we also define

Hrs(E +17)
= ELALELA S A H d&d
Im’n L;n,rz M”,é(g)l’lr,b(i/l)lz(é)c(ﬂ) (é " ]7) E 17

In addition, we define the annulus A = B[0,4]~B(0,1/2) and set
Fm - FXz—m—lA, Gm - GXz—m—lA,Hn - HXZ_”A

for F,G,H € L%(R%,[0, 0]).

Lemma 3.10. We have

G [] Em,n = El and i ilm,n = Il

m=0n=m m=0n=m

Proof. The proof is identical to that of Lemma 2.14 in [5].

(3.17)

(3.18)

(3.19)

(3.20)

We now come to our first major bound. For large d, we will see that in fact we can get control of Iy, thus

proving that X} ; is an algebra. For small dimension, we will need to do some further splitting.

Proposition 3.11. Letr<1. Let F,G,H € Lz(IRd, [0,00]). The following hold.

21



(a) If d >40—-2r—2, then

I(F, G, H) 5 [IFll2lIGl.2 12 (3.21)
(b) If d <46—2r -2, then
Y ) LunlE,GH) S IElNGlLIH] (3.22)
m=0n>km

_ _2(6-1)
fOI' k =1+ d/2"

Proof. Let m,n € N and n > m. Then we have

r,'(é'i'
Im,n(FJG:H)SI](Fm:Gm;Hn):.[ - ’7)

. s @iy (G UNHL(E +1) dEdy (3.23)

The right hand integral vanishes except when 27772 < ||, || < 271, and 27" < |& + 7| < 27"*2. Thus

we have the estimates

&+ IER

Hrs(E) = Tl > (g7 2 27O, (3.24)

and similarly p, 5(17) 2 27m=") Furthermore, we get

S +ml+IE+nl° |+l +|E+yl0  27m427m0
N T s 270, (3.25)

Thus combining the estimates, we get

Pr,s(E+1) < 2-n(1-) — p2m(6~r)=n(1-7)

> = , 3.26
P (EVrs(1) = 272m(O=) (3.26)

and so we find

Lun(F, G, H) < 22m<f’-’>-““-”j Fon(€)G () Ho (& +17) dE diy. (3.27)
E,

For ¢ € Z%, let Q; be the closed cube centered at 27"¢ of side length 27" and Q, denote the closed cube

centered at —27"¢ of side length 9-27". We note then that

max|io . =a,l,. =27 (3.28)
Note if (&,#) € E; and & € Qy, then
[p+27 < |p+&|+1-g+27m, <2727 = (9/2)27", (3.29)
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and so 17 € Q. Thus we compute

LIP ()G () H (€ + 1) dE i < Zf Fuxo,)()(Gu g, ) 0N HA(E +17) dE d

ez

ZJ FuX @ ) (E|Gmx g, || Il d& < IHllpe{|x g, |- ZHF”XQZHLZ”GmXQf”LZ

tezd rezd
- 2
<27"2|H, |12 jduf P xqlé)de [“G ") xgmd
R tezd R Le7d
< 27 E Gl Hallg2- (3.30)
Synthesizing these, we obtain
Im,n(P; G,H) S 22m(67r)7n(17r+d/2)‘ (331)

Now we break to cases based on dimension. If d > 46 — 2r — 2, then we simply bound

Y N LualB,GHYg ) Y 22O e Gyl | Hy

m>0n=>m m>0n>m
0o 00 1/2
<) 22"ONE N Gllre (Zz namred) ] U|H| 2;@ nA]
m=0 n=m
<IN Y 2" NE )Gl < I Gl 1. (3.32)
m=0
On the other hand, if d < 46 — 2r — 2, then we split further: for k = % an analogous argument shows
that
Y ) LuuF.GH)S|Hllp2 ) 2" @2tk E 11)|Gyll e < (IFN- NGl lH (3.33)
m>0n>km m=0

We now prove our final bound when 4 is small.

Proposition 3.12. Suppose that r <1 and d < 46 — 2r — 2, and if d = 2 further suppose that o < 2. For

F,G,H € L*(IR%,[0,]) we have the estimate

Y Y LuuF.GH) S IIFllIIGI: I Hl, (3.34)

m>0 m<n<km

2(6-r)

Where k = Tor+d/2
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Proof. We define

Ry (@) =27"[-a/2+p,a/2+p]x 27" ﬁ[—a/z + T, /2 + T (3.35)
k=2
For £ € R, (1) and 11 € R, 5(1), we get
27Ty + 01 = 1/2) S &1 < 27Ty + 0p1 — 1/2) (3.36)
Combining with the fact that |§ + 7| < 272, we get
|71 + Ok < Ity + 01 = 2" (Ek + i) [ + 127 (Ek + 17k )] < 972 (3.37)

In particular, 7 € R; _;(9). Combined with & € Ry, (1), we get £ +1 € Ry14,0(10). Thus

Ly n(F,G,H)

Z Z L fr,s (& +17) (mep,,,(l))(5)(Gmeqﬁn(9))(q)< HuXg,.,,(10))(& +m)d&dy. (3.38)

pqezn eZ"" 11141’(5 .”rb

Now if & € Ry (1) N 2771 A, then 2°™|&;| > |p| - 1/2, so

& +IEP . 279m|p| 4+ 270M S y-mls-r)

I"r,é(é) - |§|r ~ 2*7}11’ ~ |p|

(3.39)
and similarly
pr (1) 2 270 g). (3.40)

Then because & +17 € Ry 4,0(10)N 2771 A, we get

&1+l +1E +nl°
|E+nl"

WE+n)= < 2" (1E; + 1| +270)

— 2nr7m5(2rm5|£1 + 771|+ 25(’”*”)) < 2nr7m5(|p| + |q|) (341)

Putting everything together, we get

,"lr,b'(‘g + 77) < nr+m(52r)( 1 1 )
Irol= TN <o — 4 3.42
Hr,s(E)pr,5(1) Ip| ’ lql (3-42)
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Then for fixed m,n € IN, we see

2—nr—m(6—2r)1m n(P: G, H)

dnd
Z‘ ZJ (|p| |q|)(FmXRp,n(l))(g)L(Oll)(GmXqun(9))(’7)( nX Ry, 00(10 10))(E +17)dn d&

P9EZ ez !
<L) J (Ipl |q|) €0, ()| G, 0|, st 0
P 9EZ eZ4-1
- Z Z (|p| | |)H MXR p(l) L2 GMXR%*”( nXR[HqO 0) L2
P9EZ eZ4-1
—-om—(d-1)n)/2
m-— Z Z (lpl |q|)|| mXR 12 GmXRqﬁn( nXR}HqO ) L2 (343)

qZ c74-1

Firstly, we handle the sum over 7w € Z4~!. Indeed, we find for each p,q € Z

U Ful” Y X, ] U Gul Y X, ]m (3.44)

Z ”FmXRp,n(l) mXRq,,
neZi-! neZd-1 neZd-!
S ||FmXUnezd71 Rp,n(l) 2 GmXUngzd—l Rq,—n(g) L2 (345)
Now we consider the sums over p, q. First we consider the term containing m. We find
1
Z mHFmXUngzdl Rp,n(l) L2 GmXUnezd—l Rq,— (9 nXRpﬂq(J( ) (346)
qeZ
1
“Gm?fuqezunezd | Ry, (9) LZZm”FmXUMZMRmu) XUz Rygo10)] (3.47)
peZ
1/2
<|IG H ! F S ||IF G H 3.48
<11G ol 1Ll ,,ZZW [FU,ea Uy Ryt o S WGl VL2 (3.48)

Analogously, we can compute the sum containing — to find

1
Z m ”FmXL-JnezﬂF1 Rp (1)
p.9eZ

Combining the previous bounds, we then arrive at the estimate

{1 l4l}

SEmll2 Gl 2|1 Hyll 2 (3.49)

12 GmXUnezd—L Ry -(9) 12 HnXqu,o(lO) 12

Lyyw(F, G, H) < 2705+ 25520 E 111Gl L2 (3.50)

We now split to two cases. In the first assume that r — % +1 <0, looking at the inner sum in { we
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bound using the first term to find

km s km 1/2
Y LualE,GH) < zm<z-2f>[zzn<2fd+“] I 21l Goll 2
n=m n=m
< 220 =5 D H| | Fll2 Gl (3.51)

Now summing over m, this converges if and only if HT” < r which is true by hypothesis.

For the other case, we have r — % + % > 0. In particular, since we have already restricted r < 1 this implies

that d = 2. Plugging in d = 2 in (3.50), we again analyze the inner sum of (3.34), this time bounding using

the last term to see

n=m n=m

km s km 172
Y Luu(F,GH) < zM<z-2f>[Xz"<2f-2+“] I NE |2l Goll2
(
< 22V 2 | E 2 IGullze < 2" G252 V2 UE NGl (3.52)

Again summing over m, this converges when

(é—2r)+ 2(25_r)(r—1/2)S0<:>(2—r)(§—2r)+(b—r)(2r—1)SO

2 —r
(:)g—2r—?+2r2+%—rd+26r—2r2—26+2r+6—r£ 0=6<2, (3.53)
the latter condition of which is assumed to hold by hypothesis. [

In fact, the assumption that 6 <2 when d = 2 was necessary, as the next proposition shows.

Proposition 3.13. Suppose that d =2, r > 0, and 6 > 2. Then there does not exist a constant C > 0 such

that

Hrs(E +17)
o B R(E)G(n)H(E + 1) A& dn < C|IF||2)|Gll1H ;2 3.54
L(O,l)z o (E )i a() (E)G(H(E +1) 1 < Cl[Flle21Gllc=11HIl (3.54)
for every F,G,H € L2(IR2).

Proof. Define the sets Q = B, ((27,27™),27"972), ' = B, ((27",-27™),27"%=2) \and P = Q+Q’ = B,,((27,0), 270"

We then note for & € Q, we have that |&| < 27™, and so

&l +1El° _ 27+ 27m

prs(E) = S S 2mom), (3.55)
and similarly p, s(7) < 27" ~7) when n € Q’. We also note £ +1 € P when £ € Q,17 € Q’, and so [&] < || <
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Mo and |& + nl = 27"%_ Thus we see

|& | +1E+ 9P o 2-mé 4. p=mé?
|€ +17|r ~ 2—m6r

Pro(E+1) = > p7moll=r), (3.56)

Finally, we note that p(Q) < u(Q’) < u(P) < 2-2m% and so HXQ”LZ”XQ’”LZ”XP”LZ = 273M%_ On the other

hand, we can compute

Pr,o(E+17) pro(E+1)
déd ——————dé&d
ij 2 pr,5(E P‘ré(ﬂ)XQ(é)XQ( MXp(e+1) e di = foQ/ﬂro (E)prs(n) ¢ di

> 2_m(6(1_r)_2(6_r))]/l(Q)]/l(Q/) > 2—n1(45+é(1—r)—2(5—r))' (3.57)
In particular, if the linear functional was bounded, we could find some C > 0 such that

- m(48+5(1-r)-2(5-r)-35) < = (3.58)

for all m € IN. However, since 6 > 2 and r > 0 we know that
45+0(1-r)—2(0-r)—-30=r(2-0) <0, (3.59)
and so making m arbitrarily large, we contradict the inequality. [ ]

We can now state our main result.

Theorem 3.14. Supposed >1+0—-2r,r<1,s>d/2.1fd > 3, then Xf,b-(IRd;IF) is an algebra. If d = 2, then

X} s is an algebra if and only if 6 < 2.

Proof. The d >3 and d = 2,6 < 2 cases follows by combining Propositions For d =2,
0 > 2, we note that we must have r > 1/2 > 0 due to our other restrictions, and so Proposition shows

that X’ s is not an algebra in this case. [

4 PDE applications

In this section we give a couple short and simple applications of the Xflé(IRd;lF) spaces in constructing
traveling wave solutions to PDEs. Recall the motivating pseudodifferential equation equation from the
introduction: dtv+(—A)%? = F, which reduces to —ydq u+(—=A)%?u = f after the traveling wave reformula-

tion. We assume here that y # 0, which corresponds to actual traveling wave solutions and not stationary
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solutions. Here the operator (~A)*? comes from a homogeneous function on the Fourier side, namely
R? 5 & > (27/&]) € [0, 00).

In fact, the spaces Xf’é(IRd;IF) are designed to be more flexible by handling more general symbols with
a manifest “bihomogeneity,” meaning possibly different homogeneous behavior for small and large fre-

uencies. To describe this, we let @ : R? — [0, c0) be a continuous function such that
q ¢

Colel° for [&] < 1
P(&) = (4.1)
Cil&l° for |&]>1

for 6,0 € R satisfying 6 > 1 and ¢ € R. We write D = V-A and ¢(D) for the pseudodifferential operator
acting via quD\)u(cf) = @(&)i(&). As two particular examples: (1) the function ¢(&) = (27t|€)° gives p(D) =
(=A)%? from the introduction, and satisfies 6 = o; (2) the function (&) = |&|tanh(|&]) is of this type with
0 = 2 and o = 1; this particular ¢ arose in the analysis in [8]] and is related to the classic gravity-wave
dispersion relation. We can then consider the modification of the previous pseudodifferential equation:

d;v + @(D)u = F, which reduces to —ydu + ¢(D)u = f after the traveling wave reformulation. Our first

result establishes solvability of this linear problem.

Theorem 4.1. Lets,7,6,0 € Rsatisfy 1 <6,d >1+6-2r,7>0,0 <s,and 1—r <s. Suppose ¢ : RY — [0, c0)
is a continuous function satisfying (4.1). Let g, € R\{0}. Then the map —yd; + f@(D) : Xf’g"(le;IF) —
(H* N H™")(R%F) is well-defined and induces a bounded linear isomorphism. In particular, for each

f € (H*NH")(R%F) there exists a unique u € Xf’;"(IRd;IF) solving

—ydiu+pe(D)u = f. (4.2)

Proof. Since r > 0, we have 6 —r < §, and by hypothesis we have o <'s, so Proposition 2.9 shows that —yd;
and ¢ (D) are both bounded linear operators from Xf’g"(le;IF) to (H° N H™")(R%;F). Consider, then, the
problem of finding u satisfying for a given f. Applying the Fourier transform, we see that this is
equivalent to

[—y2mi&; + Bo(&)]i(&) = f(&) for a.e. & € RY. (4.3)

If a solutions u exists with f = 0, then since the term in brackets on the left only vanishes at most on a

null set, we must have that 71 = 0 a.e., and hence u = 0. Thus, the linear map is injective. We also learn
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from this that it is surjective, as we may use this equation to define 7 in terms of f, and then

2 26
||u||§mzj Mwa)ﬁd&j a6 Rde
7o B(0,1)

|£12r B(0,1)¢

xJB ! |f<s>|2dcs+J EPIFE)RPAE = IfI, ., (44)

0,1) 1€17 B(0,1)¢

which shows that u indeed belongs to ng“(le;IF). Hence, the linear map is an isomorphism. [

Next we give an extremely simple but instructive example of how the isomorphism from the previous
theorem can be used to solve nonlinear variants of the above traveling wave problem. Note that the u we

obtain from this theorem gives a traveling wave solution by setting v(x,t) = u(x — ye;t).

Theorem 4.2. Suppose ¢ : R — [0,00) is a continuous function satisfying ([.1). Lets,7,6,0 € R satisfy
1<6,d>1+0-2r,vr>0,0<s 1-r<s,and s+o0 >d/2. If d = 2, further suppose that o < 2.
Suppose that R > 0 is such that the ball B(0,R) C FF is the ball of convergence for two analytic functions
C,¥ : B(0,R) — FF such that ¢(0) = ¢(0) = 0 and C’(0) = @ € R\{0} and ¢’(0) = B € R\{0}. Then there exists
an open set @ = U C (H° N H™")(R%F) such that for each f € U there exists a unique u € XfBU(IRd;IF)
satisfying

—yo[Cu)]+@(D)p(u) = f. (4.5)

Moreover, the induced map U > f — u € Xﬁ:sé(IRd ;IF) is analytic.

Proof. We begin by noting that since s + ¢ > d/2, Proposition shows that Xf,*g’(le;]F) — Cg(le;]F).
Theoremshows that Xf’g“(]Rd ;IF) is an algebra, but it does not show that it is a Banach algebra. How-
ever, by rescaling the norm on Xj’g“(IRd;IF) by a fixed constant we may assume without loss of generality
that ||MV||X;;,U < ||u||X;$a||v||Xf’ga. We may then select an open set 0 € V C XﬁBU(IRd;IF) such that if u € V
then u(R%) C B(0,R). Thus, C o u and 1 o u are well-defined for u € V, and this induces analytic maps
Cp:V - XS (RGF),

Propositionand the above show that the map N : V — (H? ﬂH‘r)(le;lF) defined by N(u) = —yd C(u)+
@(D)p(u) is well-defined and analytic, and by construction N(0) = 0 and its derivatives satisfies DN (0)v =
—aydiv+ Be(D)v. This linear map is an isomorphism thanks to Theorem and so we may apply the

inverse function theorem (see, for instance, Theorem 10.2.5 in [2]]) to conclude. [

By a similar argument, we can also prove the following variant, which is a nonlinear “divergence form”
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version of the problem from the introduction.

Theorem 4.3. Let 0 <s,r € Rand 1 <6 € Rsatisfy d > 1+ 06— 2r and s > d/2. If d = 2, further suppose
that 0 < 2. Suppose that R > 0 is such that the ball B(0,R) C F is the ball of convergence for two analytic
functions C, ¢ : B(0,R) — FF such that C(0) = ¢(0) =0, C’(0) = a € R\{0}, and ¥’(0) = € R\{0}. Then there
exists an open set @ = U C (H* N H™")(IR%;F) such that for each f € U there exists a unique u € Xf’;‘s(IRd;IF)
satisfying

~yoh[C(u)] = (=A)* 1 div[(1 + P (u))Vu] = f. (4.6)

Moreover, the induced map U > f — u € Xf’?(IRd ;IF) is analytic.
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Part 11

Extending the Cauchy integral

5 Uniform Function Spaces

5.1 Definitions and Preliminaries

From now on, we work in the uniformity of uniform convergence. We first define some useful subsets of

F(X;Z) that we will be employing going forward.

Definitions 5.1. Let X be a set and (Z,%) be a uniform space. We define the following spaces:
(a) TB(X;Z)={f e F(X;Z) | f[X]1is totally bounded}, the totally bounded functions from X to Z.
(b) S(X;2)={f e F(X;Z) | f[X]is finite}, the simple functions from X to Z.

To write simple functions in an explicit way, we set some notation.

Definition 5.2. Let X and Z be sets. Suppose A C X and z € Z. We define x% = A x {z}. In other words,

X% : X — Z is the partial function from X to Z with dom(x%) = A and x7 (x) = z for all x € A.

With this notation in hand, we note that for every simple function s € S(X;Z), we can find a partition

Ay,..., A, of X and points zy,...,z,, € Z such thats = | )(Z"k. This union defines a total function precisely
k<m

when A4,..., A, partitions X.

5.2 Properties of the uniformity of uniform convergence
Proposition 5.3. Let X be a set.

(a) Suppose (Z,d) is an extended pseudometric space with associated uniformity %. We define

dy(f,8) = Sugd(f(x),g(X))'

Then d,, is an extended pseudometric on F(X;Z) compatible with 9. Furthermore, if Z is a true

metric space, then d,, restricted to B(X;Z) is also a true metric.
(b) Suppose Z is a topological group. Then F(X;Z) is also a topological group equipped with the group
operation fg(x) = f(x)g(x).

31



()

Suppose Z is a topological vector space. Then F(X;Z) is also a topological vector space. Further-
more, if Z is locally convex defined by seminorms {[-],},, then F(X;Z) is also locally convex with
seminorms defined by {f + sup,.x[f(x)]s}, and if Z is normed with norm || -||, then F(X; Z) is also

normed with norm f  sup,x||f (x)||.

Proof. All of these are routine verifications that follow readily from the definitions, so we leave them as

an exercise. u

Proposition 5.4. Let X be a set and (Z,%) be a uniform space.

(a)

(b)

Proof.

(a)

If Z is complete, then F(X;Z) is also complete.

TB(X;Z)is a closed subset of F(X;Z). In particular, when Z is complete, 7B(X; Z) is also complete.

Suppose Z is complete. Then let (f,), be a Cauchy net in F(X;Z). Since uniform convergence
implies pointwise convergence everywhere, we then know for each x € X that (f,(x)), is a Cauchy

net in Z and thus convergent to some z,. We then define f : X — Z by

f(x) = 2x

for each x € X. We now claim that (f,), converges uniformly to f. Towards that end, let U € % and
pick V € % such that V? C U. Pick g such that for all @,a’ >  we have that (f,(x), fo(x)) € V for
all x € X. Now let x € X and a > f8 be arbitrary. Pick a’ > g such that (f(x), f,(x)) € V. We then see
that (f(x), f,(x)) € V2 C U. Our choice of @, x and U was arbitrary, so we obtain that (f,), converges

uniformly to f as desired.

Let (fy)q be a net in 7B(X;Z) converging to some f € F(X;Z) uniformly. Let U € Z and pick V e %
such that V2 C U. Then pick some a large enough such that (f,(x), f(x)) € V for all x € X. Pick some
Z1,...,2, € Z and n € IN such that f,[X] C U<, V[2]. But then for each x € X we have (f,(x),z¢) e V
for some k ,s 0 (f(x),z) € V2 C U. In particular, we find that f[X] C Ui<,, U[y:] and so f[X] is also

totally bounded as desired. [

In fact, we know that S(X;Z) and 75(X;Z) are related - the latter is the uniform closure of the former.

Proposition 5.5. S(X;Z)=TB(X;Z).
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Proof. Firstly, let f € S(X;Z) and let U € % be arbitrary. Pick s € S(X;Z) such that (s(x), f(x)) € U for all
x € X. Then f[X] C U[s[X]] and so f is totally bounded as desired.

On the other hand, suppose we have f € 7B(X;Z). Pick zi,...,z, such that f[X] C [JUJ[z]. Let A; =
f~1[U[z]] and recursively define Ay = f~1[U[z]] ~Ax_1. Then Aj,..., A, partitions X, so we define s :

X > Z as

Then by construction we see that for each x € X we can pick some k such that x € A; and we find f(x) €

Ulzg], so (f(x),s(x)) = (f(x),z;) € U which tells us s is U-close to f as desired. [

Proposition 5.6. Let X and Y be sets and (Z,%) be a uniform space. Define the natural currying map
T:F(X;F(Y;Z2) > F(XxY;Z)as Tf(x,y) = f(x)(y) for each f € F(X;F(Y;Z)). Then T is a uniform

homeomorphism.

Proof. It’s obvious that T is a bijection, so it suffices to prove that both T and T~! are uniformly contin-
uous. However, seeing this is easy - let U be an entourage in Z, U be the corresponding entourage in
F(Y;Z) (ie. (f,9) € U if and only if (f(x),g(x)) € U for all x € X) and 5 be the corresponding entourage

in F(X;F(Y;Z)). In addition, let U be the corresponding entourage in F (X x Y;Z). Then we see that

(f,g)e(TxT)[ff]@(T—lf,T—lg)eff (5.1)
o (T f(x), T g(x) e UVxe X (5.2)
& (T (X)), T gx)(p) e UVxeX VyeY (5.3)
S (fxy)8(xy)eUV(xy) eXxY & (f,g)eU (5.4)

and so (T xT) [U] is also an entourage in F (X x Y;Z). An analogous argument shows that (T~ x T‘l)[ﬁ]
is an entourage in F(X;F(Y;Z)), and so we see that T is a uniform homeomorphism as desired. [ |
6 Regulated Functions

Let’s start adding some more structure in working towards the integral. In what follows, X will be a set

and & will be an algebra on X. (Z,%) will be a uniform space as before.

Definition 6.1. Let (X, %) be a set equipped with an algebra. We say that Ay,...,A,, is an & -partition of
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Xifeach Ay € &, AyNA; =@ for j#kand U;_; Ay = X.

Definition 6.2. We say that f € S(X;Z) is &-simple if for each z € Z we know that f~![{z}] € &. We then
define Sy(X;Z) ={f € S(X;Z) | f is &-simple}. With this, we set R (X;Z) = S¢(X; Z) where the closure
is taken in the uniformity defined on F(X;Y) in the previous section. When f € R (X;Y), we say that f

is & -regulated.
Indeed, this is the natural generalization of Bourbaki’s definition of regulated.

Example 6.3. Let a,b € Rwith a <b and set & = {UZZI Iy | I Cla,b]is convex}. It is easy to see that &/ is
an algebra. With this, for any uniform space Z, we see that R ([a,b]; Z) defined as above is precisely the

set that Bourbaki called the regulated functions.

We see that the notion of regulated behaves naturally when we take subsets of our codomain or subalge-

bras.

Proposition 6.4. Let (X, %) be a set-algebra pair and let (Z,%) be a uniform space. Suppose that % C &/
is a subalgebra of & and that Y C Z. Then Rg(X;Y) C Ry (X;Z) where Y is endowed with the subspace

uniformity.

Proof. Clearly if f is %-simple, then f must also be &-simple since 8 C . Additionally, it is obvious

that Sz(X;Y) C S%(X;Z). Since closures preserve inclusion we have

Ra(X;Y)=8g(X;Y) CSg(X;Z2) C Sy (X;Z) = Ry(X; Z). n

This then allows us to readily conclude that all &/ -regulated functions are totally bounded.

Corollary 6.5. Let (X,%) be a set-algebra pair and let (Z,%) be a uniform space. Then Ry (X;Z) C

TB(X;Z).

Proof. By Proposition we know that Rpx)(X;Z) = Spx)(X;Z) = S(X;Z) = TB(X;Z). Then & is a

subalgebra of P(X), so the previous proposition gives the desired result. [

We now present an alternate, more concrete characterization of being &/ -regulated.

Lemma 6.6. Let f € F(X;Z). The following are equivalent:
(@) feRy(X;Z)
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(b) For every U € %, there exists an & -partition Ay,...,A,, € & such that for each k we have that

(f(x1), f(x2)) € U for all x1,x, € Ay.

Proof. First suppose f is &/-regulated. Then pick a net of simple functions (s,), in Sy(X;Z) such that
¢ — f uniformly. Let U € % be arbitrary and pick V € % with V2 C U. Pick f large enough such that for
all a > B, we have (s,(x), f(x)) € V for all x € X. Write sg = Y.i_19iXa,- Then for each i and x;,x; € A;, we
have that (sg(x2), f (x1)) = (sp(x1), f(x1)) € V and (sg(x2), f (x2)) € V, so we have (f(x1), f(x2)) € V2CU,as
desired.

On the other hand, suppose (b) holds. Let U € Z. Pick Ay,...,A,, as in (b) corresponding to U. Then for

each k, pick some x; € Ay and define s € Sy (X;Z) by

s(x) = f(xk)

for each x € Ay. With this, let x € X be arbitrary and pick Aj such that x € A;. Then (f(x),s(x)) =

(f(x), f(xx)) € U. Our choice of U was arbitrary, so we have f € R (X;Z) as desired. [

6.1 Properties of Regulated Functions

It will often be useful to restrict the codomains of the simple functions we use to approximate a regulate

function. In fact, we can always take the simple functions to take values in f[X]. We prove this now.

Proposition 6.7. Let (X, %) be a set equipped with an algebra and (Z,%) be a uniform space. Given
f € Ry(X;2), there exists a net of simple functions (s, ), such that s, — f uniformly and for each a € A

we have that s,[X] C f[X].

Proof. Pick any net of simple functions (t,), such that t, — f uniformly. Fix @ and enumerate t,[X] as

(@) (@)

zy ,...,2Zn, . We will define a new function s, as follows: for each 1 <k < n,, if z,(ca) € f[X], then we do

nothing and set s, (x) = z;f) forall x e t;l{z,((a)}. Otherwise, we choose some 220() ef [t;l{zéa)}] and define

Sq(x) = 25;1) for all x € t;l{zia)}. In this way, it’s clear that s,[X] C f[X].
It remains to show that s, — f uniformly. Towards that end, let U be an entourage in Y. Pick an
entourage V such that V2 C U and let § be such that for all a >  we have that (t,(x), f(x)) € V for all

x € X. With this, let @« >  and x € X be arbitrary. Pick 1 < k < n, such that x € t;l{zl(f)} and pick some

pe A e A7) Then (salx) talw) = (5724 ) = () taly)) € V and 50 (sa(x), fx) € V2 € U,

which gives the desired result. [
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Similarly, we can also restrict the domain of our simple functions.

Proposition 6.8. Let (X, %) be a set-algebra pair and (Z,%) be a uniform space and suppose f € R (X;Z)

with (s,), approaching f uniformly. Suppose z € Z and {x € X | f(x) #z} C A for some A € &. Then

[e4

(sa g U X;Z“C)a approaches f uniformly.

Proof. Let U C Z be an entourage and pick f large enough such that for all « >  we have (s, (x), f(x)) e U
for all x € X. Then for x € A, we have (s, [4(x), f(x)) € U, and for x ¢ A we have (x%(x), f(x)) = (z,2) € U.

Thus we have the desired result. [ ]

Corollary 6.9. Let (X, /) be a set-algebra pair and (Z,%) be a uniform space and suppose f € Ry (X;Z)
with (s,), approaching f uniformly. Suppose {x € X | f(x)#= 0} C A for some A € &/. Then (s, x4), ap-
proaches f uniformly.

We now turn our attention to compositions. Given (X,&/) and (Y, %), and a 9B-regulated function f :
Y — Z we can ask for which functions ¢ the inner composition f o ¢ is &/-regulated. For this, we first

make a definition.

Definition 6.10. Let (X, %) and (Y, %) be spaces equipped with algebras. We say that ¢ : X — Y is &/-%

measurable if p~![B] € & for each B € Z.

Proposition 6.11. Let (X, %) and (Y, %) be spaces equipped with algebras and (Z, %) be a uniform space.

Suppose ¢ : X — Y is &/-% measurable. If f e Rg(Y;Z), then f op e Ry (X;2).

Proof. Let U be an entourage in Z. Since f is %-regulated, we can find By, ..., B, € & that cover Y and
such that f[By] x f[Bx] C U for each 1 <k < n. Then ¢~ ![By] € & for all k, and ¢~ '[By],..., ¢! [B,] covers

X since the By-s cover Y. Furthermore, we see

(f o) [@ ™' [Bel] x (f o )| [Bel] < F[Bi] x f[Bi] € U
and so f o ¢ is also &/-regulated as desired. [ ]

Thus inner compositions are regulated when our function ¢ interacts nicely with the set algebra structure.
We can also guess that an outer composition ¢ o f is regulated when our function ¢ interacts nicely with

the uniform structure, and indeed this is the case.
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Lemma 6.12. Let X be a set and (Y,%y) and (Z,%) be uniform spaces. Suppose ¢ : Y — Z is uniformly
continuous. Then if (f,), in F(X;Y) converges uniformly to some f € F(X;Y), we have that (po f,),

converges uniformly to g o f € F(X;Z).

Proof. Suppose (f,), in F(X;Y) converges uniformly to f as above and let U € %, be arbitrary. Pick
V € %y such that whenever (y1,7,) € V we know that (¢(y;), ¢(v,)) € U. Then pick g such that for all
a > B we have that (f,(x), f(x)) € V for all x € X. Then (¢ o f,(x),¢ o f(x)) € U for all such x and a, so in

fact ¢ o f, converges uniformly to ¢ o f as desired. [ ]

Corollary 6.13. Let (X, %) be a set-algebra pair and (Y,%y) and (Z,%) be uniform spaces. Suppose
@ : Y — Z is uniformly continuous and f : X — Y is &/-regulated. Then @ o f is &/-regulated.
We now note that if D is dense in the codomain, then this density carries over to density of simple

functions taking values in D.
Proposition 6.14. Let (X, %) be a set equipped with algebra and let (Z,%) be a uniform space. Suppose

D C Z is dense in Z. Then Sy(X; D) is dense in R ¢ (X; Z).

Proof. It suffices to show that Sy/(X; D) is dense in So(X; Z) since the latter is dense in R #(X; Z). Towards

thatend, let U € Z and f € Sy (X;Z), with

n
f= ZZkXAk
k=1
with z; € Z and Ay,..., A, forming an &/-partition of X. Then for each z;, pick some dy € D such that

(zx,dy) € U. Then define
n
g=) dixa,
k=1

We then see that g € S (X; D). By construction, we have (f(x),g(x)) e U for all x € X, i.e. (f,g) € U. Our

choice of U was arbitrary so we have the desired result. [ ]

When our codomain is a topological vector space, we know that the regulated functions form a vector
space and so are closed under addition and scalar multiplication. However, we can also ask about bilinear
mappings and products of regulated functions. In fact, such mappings remain regulated, as we prove

now.
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Proposition 6.15. Let Y,Z, and W be topological vector spaces and (X, /) be a set equipped with an
algebra. Suppose T : Y xZ — W is bilinear and continuous. Suppose that f e R 4(X;Y)and ge Ry (X;Z)
and let (f,), and (gg)p be nets approaching f and g uniformly respectively. Then T(f,, gg) is & -simple

for each «, f and (T(fa,gﬁ)) ) approaches T(f,g) uniformly. In particular, T(f,g) € R (X; W).

(ap

Proof. We first show that T(f,,gg) is &/-simple. Enumerate fo[X] = {y1,...,9} and gg[X] = {z1,...,2,}.

Then we see

T(fu 8p)[X] = T[fal X] x go[X1] = {T(3;,20)}

Then T(fa,gﬁ)’l[T(yj,zk)] = fa’l[yj] N g}gl[zk] € . Then we claim that (T(fa,gﬁ)) is a net of simple

(a,p)
functions approaching T(f,g) uniformly. Let U C W be an arbitrary neighborhood of the identity. Pick
V € U such that V+V +V C U. Pick Ux € X and Uy C Y neighborhoods of the identity such that
Ux x Uy € T7![V]. By boundedness of the images of f and g, pick s,t > 1 such that sUx 2 f[X] and
tUy 2 g[X]. Finally, pick a’, 8" large enough such that for all @ > a’ we have f,(x) - f(x) € %UX for all

x € X and for all B > B’ we have gs(x) — g(x) € %Uy for all x € X. Then for all (a, B) > (a’, '), we find

T(fo(x),85(x)) = T (f(x), () = T falx) = £ (x), g5(x) — g(x)) + T (fo(x) = £ (x), g(x)) + T (£ (x), g5(x) - (x))

(6.1)
1 1 1 1
ET[—Uxx?Uy]+T|:?UthUy]+T|:SUXx—Uy] (62)
S S
QT[UXxUy]-f—T[UXny]-l—T[UXny]gV+V+VQU (63)

where the first subset relation followed because 1 %

<»7 < 1 and bilinearity of T. Our choice of U was arbi-

trary so we have the desired result. [ ]
Corollary 6.16. Let (X, /) be a set-algebra pair and Z be a F-topological vector space. Let f € R (X;IF)

and g€ Ry(X;Z). Then fge Ry(X;Z).

6.2 Regulated functions on product spaces

We now turn our attention to product spaces. It is very natural to define the product of two sets equipped

with algebras, as the next definition and proposition shows.

Definition 6.17. Suppose (X, %) and (Y, %) are two sets equipped with algebras. Then we define the
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product algebra & ® % on X x Y as

5&7@355 = {L_JlAk X<Bk
k=1

ne]N,AkeA,Bkerorall15k§n}.

Proposition 6.18. Let (X, %) and (Y, %) be two sets equipped with algebras. Then & ® & is indeed an

algebraon X x Y.
Proof. We check each of the elements of being an algebra in turn.
* We know that ,X € %/ and @,Y € B,soweseethat 0 =0 x0 c ¥ @B and X xY € ¥ ® A.

n m m
e LetE,Fe /@B withE=|J Ay xByand F= |J AyxB;. Thenwesee EUF = | J Ay xB € ¥/ @A
k=1 k=n+1 k=1

as desired.
n
o Let |J Ay x B € ¥ ® B with Ay € &/ and By € & for all 1 <k < n. Then we note that
k=1

n

UAkak] = ﬂ(Akak)C (6.4)
k=1

k=1

n
= J(Agx X UA xBY) (6.5)
k=1
- U Cp (6.6)
belo, 1}

where C;, is defined as follows: we first define Cék) as Ay x X and Cﬁk) as Ay x By. We then set
Cp = Cl(yi) mCé?m---mCén), for b = (by,...,b,) €{0,1}". However, now it is clear that C, € &/ x % as the
intersection of products is just the product of the intersections and each Ay, Ay € &/ and X, B € %.

n Cc
By the previous bullet, & ® & is closed under unions so we have ( U Ag x Bk) eI QVXA.
k=1

Thus & ® 9 contains @ and X x Y and is closed under unions and complements, so we have that & @

is an algebra as desired. [ ]

We note that this must be the smallest algebra (ordered by inclusion) containing the rectangles, as any
such algebra must necessarily contain finite unions of rectangles. In fact, we can even write each element

of &/ ® & as a disjoint union of rectangles.

Proposition 6.19. Let E € &/ ® . Then in fact E can be written as

n
E ::L,J[4k><Bk
k=1
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where Ay € &, By € B, and (Ag x By) N (Ajx Bj) = @ for k = j.

Proof. Write E = | J;_; AxxBj where the union is not necessarily disjoint. We set A = {(;cr Addpcp,. S

and B = {(ker Bklpcy,. ny © 9B, each of these ordered by inclusion. Enumerate the distinct nonempty
inclusion-minimal elements of &/ as A],..., Ay, so the collection is pairwise disjoint. Similarly enumearte
the distinct nonempty inclusion-minimal elements of & as B}, ..., B,. We now note that for each A} x By,
we have that either Aj x B, C E or A, x B, C E©. Furthermore, it’s obvious that
Ec | ) A,xB,
1<p<m

1<q<t

Thus we can write

E= U EN(A)xB}) = U A, x B

1<p<m 1<p<m
1<g<t 1<g<l
(ApxB;)CE

We note that A, x B; N A} x B; are disjoint when (p, q) # (r,s) due to pairwise disjointness of the individual

families. Thus we have the desired result. [ ]

In Proposition we saw that the topology of uniform convergence behaves nicely with respect to the

currying map. In fact, this carries over to the regulated functions when we consider the product algebra.

Proposition 6.20. Let (X, %) and (Y, %) be two sets equipped with algebras and let (Z,%) be a uniform
space. Define T : F(X;F(Y;Z)) —» F(X x Y;Z) to be the natural currying map Tf(x,y) = f(x)(y) as in

Proposition[5.6] Then T [Ry(X;Rz(Y;Z))] = Ryez(X x Y;Z).

Proof. By Proposition we note Sy (X;S%(Y;Z)) is dense in R oy (X; R 5(Y;Z)) and by construction we
know that Sygz(X x Y;Z) is dense in R yggz(X x Y;Z), so it suffices to show that T[Sy (X;S%(Y;Z))] =

Syex(XxY;Z)as T is a uniform homeomorphism. With that in mind, let f € Sy(X;S%(Y;Z)) and write
n
f= ZSkXAk
k=1

nig
with sp = ) z;k))(B], € Sg(Y;Z). But then we see that
j=1

n o mg

(k)
Tf= kZZij X 4,8, € Swez(X X Y;Z).
-1 j=
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On the other hand, suppose we have f € Sygz(X x Y;Z) with

n
f = ZZkXAkXBk'
k=1

Then we note that z; x g, € Sg(Y;Z) and so
n
T =) (2K5,) Xa, € St (X385(Y;2).
k=1

This shows the desired result. ]

6.3 Embeddings of Continuous Functions

Suppose that we have a set-algebra pair (X, &) where X is also a topological space or uniform space. We
can then ask when C(X;Z) or UC(X;Z) embeds into R (X; Z). In the case where X is compact, a sufficient

condition was given by Davison [1]]. We rephrase his proof for our setup here.

Theorem 6.21 (Davison). Suppose that (X, ) is a compact topological space, & is an algebra on X, and
(Z,%) is a uniform space. Further suppose that &/ N X forms a base for . Then C(X;Z) is a subset of

Ry (X;2).

Proof. Let f € C(X;Z). We use the characterization in Proposition to show that in fact f is &/-
regulated. Let U € % be arbitrary and pick symmetric V € % such that V2 C U. For each x € X pick
some open set V, such that f[V,] C U[f(x)]. Pick A, € & N7 such that x € A, and A, C V,. We then pick a
finite subcover A, ,...,A, of X, and define Ay,...,A,, by inductively setting A} = A, and Ay = A, ~Ax_;.
Now we note for all x,y € Ay, we have that (f(x), f(xz)) € V and (f(»), f(xx)) € V, so (f(x), f(y)) € V> C U.

Thus f is &/-regulated as desired. [ ]

Theorem 6.22. Let (X, 7) be a locally compact topological space, & be an algebra on X, and let Z be a
topological vector space. Further suppose that & N7 forms a base for t. Then Cy(X;Z) CRy(X;Z).

Proof. The exact same argument as before shows that any compactly supported function is &/ -regulated.

Then we note that R (X;Z) is uniformly closed, so Co(X;Z) = C.(X;Z) SRy (X; Z). [

We know that all continuous function on a compact space are also uniformly continuous, in the unique
uniformity on that compact space. Thus we can extend Davison’s result to provide a sufficient condition

for uniformly continuous functions.
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Theorem 6.23. Let (X, %) and (Z,%,) be uniform spaces and let & be an algebra on X. Suppose that X is
totally bounded and {U?:l A; x A; | Ay,..., A, forms an &/-partition of X} Ny forms a base of entourages

for Zx. Then UC(X;Z) C Ry (X;Z).

Proof. Let f € UC(X;Z). Let U € %, be arbitrary. By uniform continuity of fm there exists V e %x
such that (f x f)[V] C U. Pick a &/-partition Ay,...,A, of X such that |Ji_; A; xA; C V. But then (f x
f) [U:‘Z:l A; X Ai] C(f xf)[V]C U, which precisely tells us that (f(x), f(y)) € U whenever x,y € A; for some

i as desired. ]

7 The Cauchy Integral

We finally arrive at our goal - the Cauchy integral. We reference material on finitely additive measures
which can be found in the appendix. The Cauchy integral on step functions will be defined in the obvious

way with respect to a charge. However, we first need to show it’s well-defined.

Lemma 7.1. Let (X, %, ) be a signed charge space and let s € S/ (X; Z) with

s = ianA]- = iﬁkXBk-
j=1 k=1

n

m
Then Zl HAja; = kzl w(By)ax
j= -

Proof. The proof of this is routine and so is left as an exercise. [

Definition 7.2. Let (X, %/, u) be a finite charge space and Z be a complete Hausdorff topological vector

space. We then define the operator jX -dp: Sy(X;Z) — Z by setting for s = Y [ vi xp,

m

“LSdMZEZWF@U-

k=1

By virtue of Lemma [7.1]this operator is well-defined.

Now we can show that the integral is in fact linear and continuous when Z is locally convex.

Proposition 7.3. Suppose that (X, %/, u) is a finite charge space and Z is a complete Hausdorff locally
convex vector space. Then fx- dy : Sy(X;Z) — Z is linear and continuous at 0 (and hence uniformly

continuous).
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Proof. Linearity follows by the same argument as for Lebesgue integration CITE. To show continuity at
0, let U C Y be a convex neighborhood of 0. Pick f € ﬁ/y(X) NSy (X;Y). We write f =) ., Yk XE, in
canonical form where the Ej partition X - in particular yx € U/u(X). We then find If dp =) k<m vk H(Ex) =

W(X) Y < Vi ’; (g(k)) € U by convexity of U. This holds for all such f and our choice of U was arbitrary, so
we have the desired result. ]

Corollary 7.4. Suppose that (X, &, ) is a finite charge space and Z is a complete Hausdorff locally convex

vector space. The operator j dyu extends uniquely to a continuous linear map fx dp:Ry(X;2) - Z.

Proof. Since Sy (X;Y) =Ry (X;Y), j dp is linear, and Z is complete, this follows by the standard theory

of continuous extensions. [

In fact, local convexity is essential, as the next two results show.
Lemma 7.5. Given a topological vector space Y, the following are equivalent:

(a) Y is not locally convex.

(b) There is some open neighborhood U of 0 such that for all open 0-neighborhoods W C U, the convex

hull of W, co(W) is not contained in U.

Proof. If (b) holds, then clearly Y is not locally convex. On the other hand, suppose (b) doesn’t hold. Then
for all open 0-neighborhoods U, there exists some open 0-neighborhood W C U such that co(W) C U. But

then co(W)° is an open convex neighborhood of 0 contained in U, so Y is locally convex as desired. [ ]

Proposition 7.6. Let Y be a topological vector space. If Y is not locally convex, then the integral operator

j- dp: Sg(0,17)([0,1];Y) — Y is not continuous at 0.

Proof. Suppose Y is not locally convex. By the previous lemma, there is some open 0-neighborhood U
such that for every open 0-neighborhood W C U, we know that co(W) £ U.

We claim that I/ 1[U] is not open. Towards a contradiction, suppose it was. Then we could find some
open 0-neighborhood W C Y such that W C I,;l [U], as all such W-s form a neighborhood base at 0. Then
W N U is an open 0-neighborhood, so co(WNU) & U. In particular, we can find wy,...,w, € WNU and
t1,...ty €[0,1] with Y7 t; =1and Y i, tyw; € U. Let Ay,..., A, C[0,1] be disjoint with [ Ji"; A; =[0,1]
and A(A;) =t; for all 1 <i < n. Define f : [0,1] — V piecewise by setting f(x) = w; if x € A;. Then clearly

we see that f € W. However, L(f)= Yo u(A)w; =Y tiw; ¢ U, giving the desired contradiction. [
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We can also define what it means to integrate over a subset of X.

Definition 7.7. Let (X, %/, u) be a signed charge space, Z be a CHLCS and let f € R 4(X;Z). Suppose we

Lf dp = ijA dp.

8 Properties of the Cauchy Integral

have A € &/. We then define

8.1 Basic Properties

Let us first show that the integral commutes with continuous linear operators.

Proposition 8.1. Let Y,Z be complete Hausdorff locally convex spaces and let T : Y — Z be linear and

continuous. Then for any f e R (X;Y), we have that To f e Ry (X;Z) and

LTofdy:TUdey).

Proof. Since T is linear and continuous, we know that it is uniformly continuous. In particular, if we let
(Sq)q be a net of &/-simple functions converging uniformly to f, then T os, is also & -simple and T o5,
converges to T o f uniformly by Lemma From here, it is clear that T o f e Ry(X; Z).

To prove the integral identity, it suffices to prove that fX Tosdu= T(JXS dy) for every simple function
s - then the previous paragraph combined with taking limits gives the desired result. However, this is

clear. Indeed, if we let s =} ;_, vk X4, for Ay € &/, we see that Tos =} ;_, T(vi) X4, and so by linearity

[Tosdu=Y e, T W) (AL = T(LienvimAr)) =T ([ s dp). n

Proposition 8.2. Let Z a complete Hausdorff locally convex space and suppose T : Z — R is sublinear

and uniformly continuous. Then for any f € R (X;Y), we have that To f e R (X;Z) and
T(jfdy)SfTofdy
Proof. This follows by an identical argument to the previous result [ ]

Proposition 8.3. Let (X, %/, u) be a charge space and Z a complete Hausdorff locally convex space. Sup-

pose A, B € & are disjoint and f € R (X;Z). Then

AUBf dp = Lf def dp.
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Proof. Let (s, X aug)a be a sequence of simple functions approaching f x 4. Then we note (s, X 4), ap-
proaches f x 4, uniformly and similarly for (s, xp), and f xp. But we see that s, X aup = Sa X4 + Sa X and

so the result follows by linearity and continuity of the integral. [ ]

8.2 The Dual of R 4/(X;R)

We also have an elementary Riesz representation theorem for R o/(X;R) and the Cauchy integral.

Theorem 8.4 (Riesz representation theorem). Let (X, %) be a set equipped with an algebra. Then we have

the linear isomorphism (R o (X;R))" =~ k o (X).

Proof. By construction of the Cauchy integral, it’s clear that every bounded measure in ba(s/) defines
a continuous linear map f dp € (Ry(X;R))". On the other hand, suppose we have L € (R (X;R))"
Then define y by letting u(A) = L(x 4) for each A € &. To show our measure y is of bounded total
variation, it suffices to show y has bounded range. Towards that end, we note that |y(A)| < ||L||||)(A|| =||L||.

Furthermore, we see that j)(A dy = pu(A) so this truly is a correspondence. [
In fact, we can even say something when the codomain is not RR.
Theorem 8.5. Let (X, %) be a set-algebra pair and Z be a complete Hausdorff locally convex space. Then

the map B: Ry (X;Z) x k¢ (X) — Z defined by B(f, u) = Ixf dp is bilinear and continuous.

Proof. Let {[-],}, be the seminorms defining the topology of Z. We note it suffices to show continuity at 0

and it suffices to show continuity on a subbasis, so pick some a and let ¢ > 0. Then we note that

UX f dﬂL < L £ ()], dpu(x) <[], Ll dp(x) <[ fla ]l

Thus for f € Ry(X;Z) with [f], <& and p with ||;4||K < %, we have that UXf dy]a < § < & which shows

continuity as desired. ™

Let’s examine a consequence of Theorem Suppose that X is locally compact and R (X;R) contains
Co(X;R). Then every element of x o(X) defines a continuous linear functional on Cy(X;IR). However, we
recall from the classical Riesz representation theorem that the dual of Cy(X;IR) are the Radon measures,
and it is possible we have charges that are not measures. Thus we can have pure charges that act the same

on continuous functions as a measure, but are not themselves measures!
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Example 8.6. Define & C P(RR) by setting

WZ{O[ak:bk)

k=1

ap <bpforalll1 <k< n}u (@, R}.

It is easy to see that Cy(IR) is contained in R o/(X;R). Fix t € R and define p;(A) = 1 if there existsa 6 > 0
such that [t —9,t) € A and p;(A) = 0 otherwise. One can verify then that ||y||, = 1 and fo dpy; = f(t) for
each continuous function f, so y; acts the same as the measure o;. However, saliently, p; # 9!

8.3 Convexity of the Integral

Theorem 8.7 (Convexity of the integral). Let f e R(X;Y). Then fo dp € u(X)co(f[X]).

Proof. Pick a net of simple functions (s, ), such that s, — f uniformly and s,[X] C f[X] by Proposition

Then we note that fxs“ dp € u(X)co(f[X]) for each a, and so IXf du = liéllfx sq dpu € co(f[X]) as

desired. ]

We note that in the Bochner theory, the above theorem requires a more complicated Hahn-Banach argu-
ment to prove, but in this case it is perfectly elementary.
We now explore some consequences of convexity of the integral. To start, we’ll show that the integral

behaves nicely with respect to order.
Definition 8.8. We say C C Z is a salient cone in Z if

(a) C is closed under nonnegative linear combinations, i.e. for all s, > 0 and ¢,d € C, we have that

sc+td € Cand
(b) CN-C ={0}.
For a salient cone C, we define the partial order <con Zbyy<czeoz-yeCfory,ze Z.

Corollary 8.9. Let f,g € Ry (X;Z) and let C C Z be a closed salient cone in Z. Suppose f(x) >¢ g(x) for

all x € X. Then ij du>c fxg dp.

Proof. By definition, we have that g(x)— f(x) € C for all x € X, so (f —g)[X] € C. It’s clear that C is convex

and given that C is closed, so we have fxg dp - Ixf du = ng - fdpepuX)C=C. [

Corollary 8.10. Let f,g € Ry(X;R) and suppose that f(x) < g(x) for all x € X. Then fo du < ng du.
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Proof. Apply the previous corollary to ¢ — f and use linearity of the integral. [

In fact, in the real-valued case, we can say even more. We can restrict our simple functions to be bounded
by f appropriately.

Proposition 8.11. Let f € R/ (X;R). Then

du= su J sdu= inf J sdpu.
Lf F sesw(g;m) X F s€S¢(X5R) Jx F
s<f s>f

Proof. By Corolarry 8.9 one inequality is clear, so we will prove the other direction. In addition, we will
only prove the first equality with the second following from an analogous argument. Pick a sequence of
simple functions (s,), approaching f uniformly. Then we will define a new sequence of simple functions

(8,),, as follows: for each n, write
ml’l
S, = Za(n)x (n)
n k Ak
k=1

for A;{n) € & . Define /3]({") =inf f [A;{n)] and set

My
Sp = Z,B}((n)XA;(n).

k=1
With this, it’s obvious that §,, < f for all n. We now claim that §;, — f uniformly. Towards proving this,
let € > 0. Pick N large enough such that for all n > N, we have that |s,(x) — f (x)| < § for all x € X. We note
by definition that for each x € A;{n), we have that If(x) - a,((n) ,B]((”) - a,((n)

s0 |s,,(x) = §,(x)| < 5 for all x € X and so by the triangle inequality |3, (x) - f(x)| < € for all x € X. This holds

<%, thus = S%;

inf f [AE{”)] ~a)"

for all such n > N, so the claim is proved. The result follows readily. [ ]

We now present an application of the ordering properties to show the Cauchy integral agrees with the
Bochner integral on regulated functions.
Proposition 8.12. Let (X,¥, ) be a measure space and let Z be a Banach space. Suppose f € Ry (X;Z).

Then the Bochner integral of f, fo f dp equals the Cauchy integral JXf dp.

Proof. The Bochner and Cauchy integral clearly agree on step functions as they are defined the same way.

Pick a sequence of step functions (s,), approaching f uniformly. In particular, they approach f pointwise
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and so f is Bochner measurable. We then note that |[f —s,|| < sup,cx||f(x) —5,(x)|, so

j If = sull dp < supl|f (x) - sn(x)llf 1dp = sup]|f (x) = s, (x)|[p(X).
X xeX X xeX

The right hand side goes to zero, and so the left hand side does as well which then implies that BIX fdu=

liin fX sdu= fo dy as desired. [

Another consequence of convexity is absolute continuity of the integral.

Theorem 8.13 (Absolute continuity of the integral). Let f € Ry (X;Y). Then for all 0-neighborhoods

U CY, there exists 0 > 0 such that for all A € &/ with u(A) < 0, we have that

Lfd]/tEU.

Proof. Fix a 0-neighborhood U C Y. Pick a closed convex 0-neighborhood V such that V C U. We know
that f[X] is bounded, so pick t > 0 such that f[X] C ¢tV and set 6 = % Then for all A € & with u(A) <9,

we see by convexity of the integral that

[ aneparotsixn e e = wanv e veu
A

as desired. ]

8.4 Fubini’s Theorem

We now present a simple version of Fubini’s theorem for the Cauchy integral. In fact, due to the fact
our integral can easily handle vector-valued functions, Fubini is just a simple consequence of Proposition

16.20)

Theorem 8.14 (Fubini). Let f e Ry g(X xY;Z). Then

L fdexn) = ijdvdy

Proof. Pick a net of simple functions (f,), C S¢xp(X xY;Z) such that f, — f uniformly, using Lemma ???

to write it as
nﬂ’

=)
a= kA axp

k=1

for zia) ez, A;(a) € %/, and B;{a) € & for each k,a and A;{a) X B;(a) N A;a) X B;a) = @ for j # k. By definition of
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the product charge space, we have
fod(pxv)= ZZ;;X)V(AgX))v (B;;X))
XxY k=1
We note that we can in fact consider f, and f as functions from X — Sy/(Y;Z) in the obvious way, and by

Proposition we know that f, — f in Ry (X;Rg(Y;Z)). We then have

My

Ja(x) = Z(Zia)XBLa) )XAﬁj‘)(x)

k=1

for each x € X. In particular, this implies

na
_ () (a)
foan 3 )

We note that lim IX fo dp = fo du where the limit is taken uniformly (in Rg(Y;Z)). Integrating the
a

above again with respect to v, we find

LLfad”d”nZaZ(k“)ﬂ(A(k“’)V(B(k“))= fod(exv)

k=1 XxY

Now taking limits on both sides, we obtain the desired result. [

8.5 Change of Variables

Lemma 8.15. Let U CR" be open, E C U be Peano-Jordan measurable, and ¢ : U — R" be Lipschitz and

a homeomorphism onto its image. Then @[E] is also Peano-Jordan measurable. [7]]

Lemma 8.16. Let f € Ry (R";Z) and ¢ be a homeomorphism onto its image with ¢! Lipschitz. Then
fopeRy (R";Z).

Lemma 8.17. Let E C IR” be Peano-Jordan measurable and T : R” — IR"” be linear and invertible. Then

#(T[E]) = |det T|u(E).

Proposition 8.18 (Linear change of variables). Let T : R” — IR" be linear and invertible and U C R" be

bounded and open. Also, let f : U — Y be regulated with supp f C U. Then f o T is also regulated and

fdu= |detT|j foTdu
(U] U

Proof. Let (s,), be a net of simple functions approximating f uniformly. Then we note that for any E C R"

that is Peano-Jordan measurable, we have that Yo T = x1-15. By Lemma T~'E is measurable and
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s0 s, o T is also a simple function. To show f o T is regulated, it suffices to show s, o T — f o T uniformly.
Towards that end, let V C Y be a neighborhood of the identity. Pick § such that for all a >  and all
z € T[U], we have s,(z) — f(z) € V. In particular, then for x € U, we know that T(x) € T[U] and so
sq«(T(x))— f(T(x)) € V. Since V was arbitrary, we have s, o T — f o T uniformly as desired.

Let us now prove the integral identity. Lemma tells us it holds for characteristic functions, since

f Xrig) dp = W(T[E)) = |det TIp(E) = |detT|J xg dp
T[U] U

for any Peano-Jordan measurable E C U. From here, linearity grants us simple functions and continuity

of the integral combined with the previous paragraph gives the desired result. [

Our goal will be to prove the previous theorem for diffeomorphisms in the place of linear maps. From

now on, we fix bounded open sets U,V CR" and ¢ : U — V a C! diffeomorphism.

Lemma 8.19. For any Peano-Jordan measurable set E with E C U, we have

u(p(E)) < L|detD<p| du

Proof. We start by analyzing cubes. Indeed, let Q C U be any cube whose closure lies in U with center ¢
and side length s. The mean value theorem implies for any @ : U — IR" continuously differentiable and

v € Q, we have
@) - ()| < Ily—cllmsug ID@(2)]l

If we let P be the cube centered at ¢(c) with side length ssup||D¢(z)||, the above implies »[Q] C P and so
zeQ

ﬂ(lP[Q])Sﬂ(P)=(Ssug||D¢(Z)II] =(SugllD¢(Z)ll] HQ). (*)

We continue with the proof. Let € > 0. D¢ is compactly supported, so by uniform continuity pick ¢ small
enough such that ||D(p(x)‘1D<p(y)|| <1l+¢eand |detD(p(y)| > (1 -¢)|det Dg(x)| whenever ||x —y”m < 0. Pick

a cubic cover {Qy}<, of E such that each cube has side length less than 6, and for each k pick some x; € Q.
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Setting 1 = Do(x;)~! o @, we see that

¢[E]) <;4[

)

k<n

<) plelQd)

k<n

= ZldethP xi)p (1 [Qx]) (Lemma([8.17)

k<n

n
<Z|deth0 ) [supHD(P )" Dop(2) ||)

k<n

<) (1+2)"|det Dep(xi) (Qy)

k<n

<Z (1+e&)"(1-¢) f |det Dep(p)| dy
<(1+e)"(1-¢) J |det Dop(p)| dy.
Uk<an

Since ¢ and our cubic covering was arbitrary, continuity of the integral gives the desired result. [ ]

Lemma 8.20. Let U C R” be open and ¢ : U — ¢[U] be a C! diffeomorphism. Let f € R (R";R) be such

that supp(f) € ¢[U] and f > 0. Then

fdp< f (f o p)ldet Dep| dyt.
p[U] )

Proof. Let s € S¢(IR";R) be a simple function with 0 <s < f. Then

[ sau=) stumtola)
o[U] k=1
< Zs(xi)J ldet Dep| dp
k=1 A4
=Y | opidetnelay
k=1 ZAi

n
< f (f o @)ldet Dep| dy < f (f o 9)ldet D] dy
k=14 v

| ]

Theorem 8.21 (Change of variables). Let U C IR"” be open and ¢ : U — @[U] be a C! diffeomorphism. Let
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Z be a complete locally convex space. Let f € R o/(IR"; Z) be such that supp(f) C ¢[U]. Then

f fdu= f (f op)ldet Dop| dp.
(U] u

Proof. We first prove this when f > 0. Indeed, applying the previous theorem to (f o ¢)|det Dg| and ¢!

on @[U], we see

[ (ropraenplans [ (ropopjtetDpljdetne|= [ fan
¢ elU]] ¢[U] ¢[U]

which shows fq)w] fdpu=[,(f op)ldet Dp| dp. In particular, this gives u(¢[E]) = [;|det Dep| dps.
We now prove this for any generic function. Let f € Ry (R";Z). Then pick a net of &-simple func-
tions (s,), converging to f uniformly. We then note that ((sa o @)|det D(p|)a converges uniformly to

(f o @)|det De| which is also an & -simple function. Thus we see

nﬂ( na
j fdu= limJ Sq dpp =1lim Zzﬁ(a)y((p[A;(a)]) =lim Zz;(a) J . |detDol dp = J (f op)ldet Dop|
¢lU] @ JolU] iy - Ay u

8.6 Fundamental Theorem of Calculus

We note that convexity of the integral functions as a sort of mean value theorem for us, and so we can

prove the fundamental theorems of calculus.

Theorem 8.22 (First fundamental theorem of calculus). Let Z be a locally convex space and a,b € R with

a <b. Suppose that f € C((a,b);Z) and define F : (a,b) — Z by
X
F(x) = J fdpu.
a
Then F is continuous and Gateaux differentiable with F’(x) = f(x) for all x € (a, ).

Proof. Continuity of the integral and additivity with respect to sets readily shows that F is continuous.
To show differentiability, let U be a closed convex neighborhood of the identity. Let ¢t > 0 be such that for

all 0 <h <t, we have f(y)— f(x) € U for all y € [x,x + h]. We then note

F(x+h)—F(x) 1 (*"
T‘EL fdp
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using additivity with respect to sets. By convexity of the integral, we have

x+h
%J fdpeco(f[lxx+hl])<fx)+T0(U)=f(x)+U.

x+h)—F(x)

This holds for all 0 < & < t, and since our choice of U was arbitrary, we conclude that F(T — f(x) as

h — 0 as desired. [ ]
In fact, [4] shows there is also a mean value inequality in locally convex spaces, allowing us to prove the
following lemma and the second fundamental theorem of calculus.

Lemma 8.23. Let Z be a complete Hausdorff locally convex space. Suppose f : (a,b) — Z is continuous

and Gateaux differentiable with f’(x) = 0 for all x € (a,b). Then f is constant.

Proof. Let ([-],), be seminorms determining the topology of Z. Let x; € (a,b). By the mean value inequal-
ity for seminorms [4], we see that [f(x) - f(x¢)], < [f'(v)], = 0 for some y between x and x,. This holds

for each a, so we conclude that f(x)— f(xg) = 0 as desired. [ |

Theorem 8.24 (Second fundamental theorem of calculus). Let a < b and Z be a complete Hausdorff locally

convex space. Suppose that f is Gateaux differentiable on (a,b) with f” € C((a,b); Z). Then

()~ f(a) = fxf' .

Proof. Define F:(a,b) > Z as F(x) = faxf’ dp. The first fundamental theorem of calculus tells us that F’ is
differentiable with F’ = f” on (a,b). Then (F — f)’ = 0 and thus is constant by Lemma In particular,

we see that
£(x)~ Fla) = F(x) — F(a) = J £ du—f £ du= f £ d

as desired. ]
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Part I1I

Appendices

A Some facts about uniformities

The appropriate level of generality we work with for the Cauchy integral is that of uniformities. We set
some notation and recall some facts about uniformities. These facts can be found in General Topology by

John Kelley, so we state them without proof.
Definition A.1. Let Z be a set. We define the following operations on Z x Z

(a) For V C Z x Z, we define the inverse of V as
Vvl=\(z,z)eZxZ | (z,z) e V}.
It is clear that inversion is an involution on P(Z x Z).

(b) For V,W C Z x Z, we define the composition of V.and W
VoW ={(y,z)eZxZ | there exists w € Z such that (y,w) € V and (w,z) € W}.

It is clear that composition is associative. Sometimes, we will omit the infix and just write VW =

V o W and we write V*tomean Vo---0 V.
~—_———

n times

A uniformity on Z is a set % CP(Z x Z) such that
(a) U = @.
(b) fU, Ve, thenUNVeX.
() fUeZandUCVCZxZ,thenVe.
(d) For all U € %, we have that A C U where Az ={(z,2) | y € Z}.
() fUe%, thenU ' e¥.

(f) If U € %, then there exists V € % such that V> C U.
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In this case, we call (Z,%) a uniform space and elements of % are called entourages of Z.
From now on we fix a uniform space (Z,%).

Definition A.2. We say that % C % is a base of entourages for 7 if for every entourage U € % there is

Be % such that BC U.
Proposition A.3. Suppose B C P(Z x Z) satisfies
(a) &% 2 2.
(b) For every U,V € &, thereis W e B with WCUNV.
(c) ForallUe %,A, CU.
(d) For every U € B, thereis V € & with V. c U~
(e) For every U € %, there is V € & with V2 C U.

Then % ={U CZ xZ | there exists V € & such that V C U} is a uniformity on Z and % forms a funda-

mental system of entourages for Z.

Examples A.4. Uniform spaces generalize two other common structures - metric spaces and topological

groups.

(a) Let (X,d) be a extended pseudometric space. Then for ¢ > 0, define the set
U, ={(xy)eX | dxy) <e).
The sets {U,},. satisfies the conditions of Proposition [A.3]and so define a uniformity on X.

(b) Let G be a topological group. Then for each neighborhood of the identity V C G, define
VL= {(x,y) eX | x_ly € V}.

Then V; satisfies the conditions of Proposition and so defines a uniformity on G, usually called
the left uniformity. In a similar fashion one can define a right uniformity (replacing x'y by xy~!)

on G.

From now on, if we ever have a metric space or topological group, we will equip them with the suitable

uniformity as defined above.
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Definition A.5. Let (Z,% ) be a uniform space. For U € Z and E C Z, we define
UlE]={z€Z | (w,z) € U for some w € E}.
In addition, for z € Z, we set U|[z] = U[{z}].

Proposition A.6. Let (Z,% ) be a uniform space. The set
{V CZ | for all z € Z there exists U € Z such that U[z] C V}

is a topology on Z. We call this the topology induced by % .

Proposition A.7. Let (Z,% ) be a uniform space and E C Z. Then the set
%r ={U CEXE | there exists V € Z such that U = VN (E X E)}

is a uniformity on E, and the topology induced by % is precisely the subspace topology from the topology

induced by Z. We call % the subspace uniformity on E.

Definition A.8. Let (Z,%) be a uniform space.We say a set E C Z is % -bounded if for every U € %, there

exists a finite set F C E and m € IN such that E C U™[F].

Remark A.9. It is worth noting that Z/-boundedness is not necessarily equivalent to metric boundedness.

|[x—y]

Indeed, consider R with the metric d(x,p) = 1+|;—y|'

One can check that the identity map from (RR,|-|)
to (RR,d) is a uniform homeomorphism, but in one case R itself is metric bounded, but in the other it is

metric unbounded.

Definition A.10. Let (Z,%) be a uniform space. We say a set E C Z is totally bounded if for every U € %,

there exists a finite set F C E such that E C U[F].

Definition A.11. Let (Z,%) be a uniform space. We say a net (z,), in Z is Cauchy if for every U € % there
exists some y such that for all a, > y, we have that (y,,y5) € U. We say Z is complete if every Cauchy net

is convergent (in the topology induced by %).

Definition A.12. Suppose that (X,%x) and (Z,%) are uniform spaces. We say that amap f : X — Z is

uniformly continuous if for every U € %, there is some V € %x such that for all (x,y) € V we know that

(f(x), () eU.
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Proposition A.13. Let (X,%x) and (Z,%) be uniform spaces and f : X — Z. Then the following are

equivalent:
(a) f is uniformly continuous.

(b) There exist bases of entourages %By for %x and B, for %, such that for every V € %, there exists a

U € By such that U C (f x f)"![V]

Theorem A.14. Suppose that (X,%x) is a uniform space and (Z,%) is a complete uniform space, and
suppose D C X is dense (in the topology induced by %). Further suppose that f : D — Z is uniformly
continuous (with respect to the subspace uniformity on D). Then there exist a unique uniformly contin-

uous function f : X — Z such that f [ = f.

A.1 Examples

We now present two common and useful examples of uniformities on function spaces.

Example A.15. Let X be a set and (Z,%) be a uniform space. We wish to uniformize pointwise conver-

gence. Towards that end, we define the set
Byr= {(f,g) e zXxzX | (f(x),g(x)) e U forall x e P}.

for every entourage U € % and finite set F C X. One can check that the sets {By g | Ue?,F C X is finite}
satisfies the conditions of Proposition and so defines a base for a uniformity on ZX, called the uni-
formity of pointwise convergence. It is easy to check that a net (f,), of functions from X to Z converges to

some f : X — Z if and only if f,(x) — f(x) for each x € X.

Example A.16. Let X be a set and (Z,%) be a uniform space. In similar fashion to the previous example,

we can also uniformize uniform convergence. We define the set
By = {(f,g) € 2% x 2% | (f(x),g(x)) € U for all x € X},

Then again the set {By;}yy satisfies the conditions of Proposition [A.3]and so defines a base for a unifor-
mity on Z%, called the uniformity of uniform convergence. In this thesis, we set (X;Z) to be the set ZX

endowed with the uniformity of uniform convergence.
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B Some facts about charges

Definition B.1. Let (X, &) be a set-algebra pair. Then we say y: & — [0, 00) is a (bounded real) charge on

(X, %) if it satisfies the following:

(a) u(@)=0.

(b) For any A, B € & with AN B = @, we have that y(AU B) = u(A) + u(B)

B.1 Peano-Jordan Completion

We define the Peano-Jordan completion as in [7]] and prove some results about it.
Definition B.2. Let (X, %, u) be a charge space. We define the inner and outer charges associated to u
pi(A) = sup{u(E) | E C A)
HolA) = inf{u(E) | ACE)
for any A € P(X). In addition, we set
" ={A€P(X) | pui(A) = po(A)}.
In addition, we define y* : &/* — [0, 00] by setting p*(A) = puo(A) = p;(A) for A e &7~
From the definition, we see y* extends yu - if A € &/, then clearly y;(A) = uo(A) = u(A).
Lemma B.3. A* € &/* if and only if for every ¢ > 0 there exists E,F € & with EC A* CF and u(F~E) <e.

Proof. Let A* € &/* and pick E C A* C F such that u(A*) - u(E) < 5§ and u(F) — u(A*) < 5. Then u(F~E) =
u(F)—p(E) = (u(F) — u(A*)) + (u(A*) — u(E)) < € which shows what we wanted.
On the other hand, suppose the second condition holds for A. Then we see for every ¢ > 0, we can find

E C A CF with y(F~E) < ¢. In particular, we have u(E) < p;(A) < pu,(A) < u(F) and so p,(A) — pi(A) <

u(F)— u(E) < . This holds for every € > 0, so we get u,(A) = p;(A), i.e. that A e /™. [
Proposition B.4. &/~ is an algebra.
Proof. We check each element of being an algebra in turn.

(a) We note that @, X € &, and clearly &/* contains &, so @,X € & .
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(b) Let A,B € &/ be disjoint and let ¢ > 0. Pick Aj C A C A; and By C B C B; such that u(A;~Ap) < 5
and p(B;~By) < . Then we have AgUBy CAUB C A; UB; and since Aj and B are disjoint, we find

(A1 UB1)~(AgUByg) = (A1 ~Ag) U (B ~By). Thus
(A1 UBy)~(AgUBy)) < u(A1~Ag) + u(B1 ~By) < ¢
and so AU B € &/* as desired.

(c) Let A € &/*. Then pick Ay C A C A; such that u(A; ~Aj) < ¢. But then we see A7 C A° C Aj and

WAGNAT) = u(A; ~Ap) < e and s0 AC € & as desired. -
Proposition B.5. (X, /", y*) is a charge space.

Proof. Since @ € &/ and p* extends p, we get p* (@) = u(@) = 0. Now suppose A,B € /" are disjoint. Let
€ > 0 be arbitrary. Pick Ag C A C Ay and By C B C By with u(A; ~Ag) < 5 and u(B; ~ By) < 5. Without
loss of generality, we can suppose that Without loss of generality, we can suppose A; and B; are disjoint
by replacing A; with A; ~B;. We then note that u((A; U By)~(Ag U By)) = u(A; UB;) — u(Ag U By) =

(A1) + pu(By) — p(Ag) — u(Bo) < € and so
W(AUB) < u(A1 UBy) < u(Ag)+ p(Bg) + e <y (A)+ p*(B) + ¢
and similarly
W(AUB)> u(AgUBy) > p(Ay) + p(By) —€ > p*(A) + ' (B) —e.
This holds for all ¢, so we get that y*(A U B) = p*(A) + p*(B) as desired. [ |

Proposition B.6. & = /*

Proof. Let A™ € /™. Pick E*,F* € &* such that E* C A™ C F* and p*(F*~E") < §. In addition, pick
ECE*CE and F C F* C F'such that u(E’~E) < § and u(F’~F) < §. In particular, since y* extends y, we
see that

8 ’ * /7 * *
3 > WENSE) =y (ENE) 2 p(E'SE)

and similarly p*(F’~F*) < §. Thus we have p*(F'~E) = p*(F'~F*) + p*(F*~E*) + y*(E*~E) < €. Since p*
extends y and F'~E € &, we have yu(F'~E) = y*(F’~E) < ¢ and E C A* C F". Then by Lemma B.3} we have

A*x € f* as desired. ]
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B.2 The Space of Charges

The results here can be found in [9].

Definition B.7. Let X be a set and & be an algebra on X. We define the space of signed charges
Kg(X)={p: & >R | p is a signed charge on (X, &) such that ||u| < co}.

We equip «(X) with the variation norm:

||y||:sup{z|y<Ak>|

k=1

Aq,..., A, is an &/ -partition of X}.

Theorem B.8. The space «(X, %) is complete with the variation norm.

References

[1] T. M. K. Davison. A generalization of regulated functions. Amer. Math. Monthly, 86(3):202-204,

1979.

[2] ]. Dieudonne. Foundations of Modern Analysis. Pure and Applied Mathematics. Academic Press,

1969.

[3] Y. Guo, C. Huang, B. Pausader, and K. Widmayer. On the stabilizing effect of rotation in the 3d Euler

equations. Comm. Pure Appl. Math., 76(12):3553-3641, 2023.

[4] L. Khan. Mean value theorem in topological vector spaces. Comptes Rendus Mathématiques de

I’Académie des Sciences, 19, 01 1997.

[5] J. Koganemaru and I. Tice. Traveling wave solutions to the inclined or periodic free boundary in-

compressible Navier-Stokes equations. J. Funct. Anal., 285(7):Paper No. 110057, 75, 2023.

[6] G. Leoni and I. Tice. Traveling wave solutions to the free boundary incompressible Navier-Stokes

equations. Comm. Pure Appl. Math., 76(10):2474-2576, 2023.

[7] L. H. Loomis and S. Sternberg. Advanced calculus. Addison-Wesley Publishing Co., Reading, Mass.-

London-Don Mills, Ont., 1968.

60



[8] H. Nguyen and I. Tice. Traveling wave solutions to the one-phase muskat problem: existence and

stability. Arch. Rational Mech. Anal., to appear.

[9] K. P. B. Rao and M. B. Rao. Theory of charges: A study of finitely additive measures. Academic Press,

1983.

[10] N. Stevenson and I. Tice. Traveling wave solutions to the multilayer free boundary incompressible

Navier-Stokes equations. SIAM ]J. Math. Anal., 53(6):6370-6423, 2021.

61



	Introduction
	I A class of anisotropic Sobolev spaces
	Introduction
	Setup and background
	Anisotropic reduction
	Main results

	Preliminary estimates
	When is Xsr,  an algebra?
	Splitting E1 further

	PDE applications

	II Extending the Cauchy integral
	Uniform Function Spaces
	Definitions and Preliminaries
	Properties of the uniformity of uniform convergence

	Regulated Functions
	Properties of Regulated Functions
	Regulated functions on product spaces
	Embeddings of Continuous Functions

	The Cauchy Integral
	Properties of the Cauchy Integral
	Basic Properties
	The Dual of R A (X; R)
	Convexity of the Integral
	Fubini's Theorem
	Change of Variables
	Fundamental Theorem of Calculus


	III Appendices
	Some facts about uniformities
	Examples

	Some facts about charges
	Peano-Jordan Completion
	The Space of Charges



